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1 Introduction

Our most accurate knowledge on quantum field theory in Minkowski (3 + 1)-d is almost
entirely based on perturbation methods. At leading order, quantities such as scattering
amplitudes are computed by adding tree-like diagrams. KEven this elementary manipu-
lation becomes a formidable task at rather low multiplicity kinematics and become only
technically feasible by using the Weyl-van der Waerden spinor calculus.

The use of on-shell methods for the calculation of scattering amplitudes has come
into attention since the last decade, following Witten’s seminal work [1]. A remarkable
development following these ideas is the approach by Cachazo-He-Yuan (CHY) [2, 3], it
has the great advantages of being applicable to several dimensions and also to a large array



of theories [4-7], even beyond field theory [8, 9]. The main ingredient for this approach are
the tree-level scattering equations [2]

ko - K
Ea = E = b :07 Ogb = Oq — Op, CL:LQ,...,TL, (11)
Oab
b#a

where the o,’s denote punctures on the sphere. The tree-level S-matrix can be written in
terms of contour integrals localized over solutions of these equations on the moduli space
of n-punctured Riemann spheres

A= [ duy® e (o), (1.2)
r
where the integration measure, du'®®, is given by
du%ree _ HZ:I dO’a (U;jajkaki) (13)
Vol (PSL(2,C)) Hbsﬁi,j,k Ey
and the contour I' is defined by the n — 3 independent scattering equations
Ey=0, b#1,5,k. (1.4)

The integrand, ZSIY, depends on the described theory. There are other approaches that

use the same moduli space [1, 10-12], but restricted to four dimensions.

There have been developed several methods to evaluate the integrals, from different
perspectives. Some approaches study the solutions to the scattering equations for particular
kinematics and/or dimensions [4, 13-19], others work with a polynomial form [20-29], or
formulating sets of integration rules [30-34]. A different approach was proposed in [35],
taking the double covered version of the sphere, the so called A-algorithm, which we will
employ in this work.

A generalization for loop level of the CHY formalism has been made. The ambitwistor
and pure spinor ambitwistor worldsheet [36, 37] provided a prescription for a generaliza-
tion to higher genus Riemann surfaces [38-40]. A different approach was also developed
in [41-43], where the forward limit with two more massive particles, playing the role of
the loop momenta, were introduced. The scattering equations for massive particles were
already studied in [44, 45]. Another alternative approach using an elliptic curve was de-
veloped in [46, 47].

The previous prescriptions give a new representation of the Feynman integrals with
propagators linear in loop momenta. In order to find the equivalence with the usual Feyn-
man propagators, (£ + K)~2, two additional steps must be taken: the first one is the use
of partial fractions, and the second one is the shifting of loop momenta [39, 48].

Recently, one of the authors [49] proposed a different approach to obtain the quadratic
Feynman propagators directly from the CHY-integrands for the scalar ®3 theory.! The mo-
tivation came by analysing a Riemann surface of genus two after an unitary cut, which look
exactly like a tree level diagram before the forward limit, but instead of the two massive

!There are some overlapping ideas with the recent paper published by Farrow and Lipstein [50].



particles associated to the loop momenta there are four massless particles. This new ap-
proach allows to work again with the scattering equations for massless particles, but at the
expenses of increasing the number to n + 4. In addition there is also the need to introduce
a new measure of integrations that guarantees the cut and then take the forward limit.
In the present work, we follow the line of thought of [49] and propose a reformulation
for the one-loop Parke-Taylor factors. Splitting the massive loop momenta (¢*,£7) into
the four massless ones ((ai,b1), (b2, az)), we will have one-loop Parke-Taylor factors that
will enter into CHY-integrands to lead directly to the usual Feynman propagators. The
CHY-integrands in question are the ones for the Bi-adjoint ®3 scalar theory.

Outline. This paper is organized as follows. In section 2 we present our reformulation
of the one-loop Parke-Taylor factors (PT). The expression is written in terms of the gen-
ab

eralized holomorphic one-form on the Torus, wi;. By exploiting algebraic identities we

formulate the Theorem 1: each term in the PT factors can be decomposed into terms
containing at least two wg:jb factors, i.e. the PT factors are rearranged in an expansion
manifestly tadpole-free.?

In section 3 we write, classify and match with their Feynman integrands counterparts,
some general type of CHY-integrands that can appear at one-loop level. Since we are
working with n 4+ 4 massless particles, the contour integrals can be calculated using any of
the existing methods of integration. As we have mentioned already we employ the so-called
A-algorithm, with the choice of a new gauge fixing, to solve them. This allows to analyt-
ically evaluate arbitrary CHY-integrals using simple graphical rules. The classification is
made tracing the structures defined in section 2. As will become clear each element inside
the partial amplitude have an unambigous correspondence with the elements of the CHY-
graphs, starting with the n-gon, then following with the ones with tree level structures
attached to their corners.

Section 4 shows our proposal for the partial amplitude of the Bi-adjoint ®3 theory at
one-loop with quadratic propagators: first we give a simple review at tree level and one-loop
with linear propagators, then we propose our formula using our definition for the PT factors.

In order to support our proposition in section 5 we perform explicitly the calculation
for the partial amplitudes of the three and four-point functions. We make an extensive use
of the results of previous sections. In particular we emphasize the direct interpretation of
the CHY-integrals in terms of Feynman diagrams. This mapping is codified in the following
equality at the integrand level

1 tree
oN+T fdQ X Sayby X fduj\rf+4

2As it will be explained, the number of wﬁ}b is related with the polygon of the loop, for example, two
wfﬁ:jb in the left integrand can only generate a bubble or a triangle.



that constitutes one of the most important results of this work and it will be explained in
detail during the course of this paper.

In section 6 we comment on the issue of the external-leg bubble contributions. Dia-
grams involved are singular and need to be regularized. Next section, 7, is for illustrative
purposes and is devoted to the ie prescription and how to directly obtain it by dimension
reduction. Finally, in section 8 we conclude by summarizing our findings.

For not disrupting the line of the paper more technical discussions have been gath-
ered in some appendices: in appendix A we explicitly show the sufficient form of the
measure (3.5) to tackle the one-loop CHY-integral prescription. In particular how the mo-
menta combination it contains arrises. Proof of Theorem 1 is casted in appendix B where
it is discussed at length. Appendix C collects the relation between some techniques devel-
oped across the paper and the linear propagator prescription. We conclude by probing an
statement of [47].

Before beginning section 2, we define the notation that is going to be used in the paper.

Notation. For convenience, in this paper we use the following notation

. Tab
Oij =0 — 0 Wb = 22 (1.5)
J 7 1]
Oia Ojb

Note that wfj}’ are the generalization of the (1,0)-forms used in [51] to write the CHY-

integrands at two-loop. In addition, we define the o4’s and wg‘jjb’s chains as
(i1,42, -+ ,0p) 1= Oiyiy = Tip_1ipTipiy s (1.6)
(i1yi2s oy ip) 50 = Wil - B
= ngf)il e Z,:lil:z‘p,l fpbzp’
(Z"lj,ig, ce 7i‘7;)17igz+17 ce ,Z";;, .. .ig)a:b ‘= 0419904943 ** 'ngim+1o'im+1im+2 o -wfjnﬂ . 'Uipflipo'ipil-

In order to have a graphical description for the CHY-integrands on a Riemann sphere
(CHY-graphs), it is useful to represent each o, puncture as a vertex, the factor o%b as a
line and the factor o4, as a dashed line that we call the anti-line. Additionally, since we
often use the A-algorithm?® [35] we introduce the color code given in figure 1 and 2 for a
mnemonic understanding.

Finally, we introduce the momenta notation

m m
._§ : 1.2 — § :

k{a1,...,am} = [al, . ,am] = kai7 sal...am = k{al,...,am}7 ka1..‘am = kai . k‘a]..
i=1 a;<a;

3Tt is useful to recall that the A-algorithm fixes four punctures, three of them by the PSL(2, C) symmetry
and the last one by the scale invariance.



. unfixed massless puncture O massless puncture fixed by PSL(2,C)

. massive puncture fixed by PSL(2,C) A massless puncture fixed by scale symmetry

Figure 1. Vertex Color code in CHY-graphs for the A-algorithm.

3 g factor L (line) p 5 factor —1 (double line)
Oab G4b Oab
FO o factor oy (anti-line) | branch cut

Figure 2. Edges Color code in CHY-graphs for the A-algorithm.

2 Parke-Taylor at one-loop

In this section we define the PT factor at one-loop in the CHY prescription, which is totally
similar to ones given in [39, 42, 43]. After that, we carry out some manipulation in order
to write algebraic identities that will be very convenient to perform computations using
the A-algorithm.

Before defining the PT factor at one-loop, it is useful to remind that, at tree level in
the CHY approach, it is given by the expression

1

el = G, )
) )y n

(2.1)

where 7 is a generic ordering and n is the total number of particles.
Following the ideas presented in [42, 43], we formulate:

Definition. We define the Parke-Taylor factor at one-loop with ordering m as

. 1 :
PTf_lh';?p [7] :== E P T Walle (2.2)
accye(m) JoraeTazas an—10an

_ ai:asz ai:as o aj:as
- PTtree [ﬂ-] (UWIWQ Wi ima + Omoms Wryims + + Ompm1 wﬂ'niﬂ'l)

As it will be discussed later, the task of performing CHY-integrals using the PT defined
z;:aga
more w?:;f‘” ’s imply that the singular solutions of the scattering equations do not contribute.
In fact, the minimum number of w

in (2.2) is not simple. The difficulty of these computations resides in the number of w S,

a1:a2
[
we are going to explain in section 3. Nevertheless, it is always possible to manipulate

s so the CHY-integrals become simpler is two, as

ai:as
1-loop
at least two wz;'a”s.

algebraically PT [7] and to decompose it as a linear combination of terms that contain

Theorem 1. The PT | [r] factor, which was defined in (2.2), admils a power expansion
ai:as

n Wy with two as its lowest power.
We shall only sketch some examples in order to illustrate this theorem, leaving the
complete, technical proof, together with the precise construction using the Schouten-like

identity for the o;;’s to the appendix B.



The previous theorem allows to clarify, that the cancellations of the tadpoles in the bi-
adjoint ®3 theory can follow directly from an algebraic property of the one-loop PT factors
and not necessarily from the anti-symmetry of the structure constant in the cubic vertex.

Before proceeding we shall introduce the following definitions:

Db oL P = (1 p) Wi o wf® (2, p+ D™ w2
Fo (1 p = DWW (2.3)
with 1 <p <n,

DI (1, nfP o= (17,7, (p + 1)) 020550 . otiaz (2.4)
+ (27, (p+1)7, (p+2)Y)" Pwg™ - wplTE
o (717, (p = 1), ) e e aven

with 1 <p<n-—1,

D2 (1, nfP = (1°,29,37, 49 p¥)"% 4 (27,3947, 5 ., (p 4 1)*) "
e (n9,19,27,39 L (p — 1)¥)0ae (2.5)
with p e {2,4,6,...,%}.

Notice, that we have defined the factors, Dt{?;ﬁ?—oa Dtayll;gil and Dt“yggin, with the partic-

ular ordering {1,2,...,n}, nevertheless, their definitions for another ordering are straight-
forward. These terms also carry the cyclic permutation invariance from the PT factor.

2.1 Examples

In this section we give some non-trivial examples in order to illustrate the above proposition.
The following identities are purely algebraic and they can be proven after a, somehow, direct
computation.

e Two-point

1 1

PT 0 [1,2] = U—mwg};@ + a—mw;ﬁg@ = PTuee[l, 2] DEL2  [1,2]% (2.6)
where let us remind, DEYe? o[1,2]* = (1,2) Wil Zwyh™.
e Three-point
PTa1:a2 [1 92 3] — 1 walzag + 1 walsag + 1 w 1:a2
1-loop L™ 012 093 3:1 093 031 1:2 031 012 2:3
= PTie1,2,3] [ 2D020[1,2, 3% + Doz [1,2, 32

= PTiree[1,2, 3] [Dg;ll;gzo[g, 2, 1% + D2 3,2, 1]2“)} .2



e Four-point

PT 2 [1,2,3,4]

PTtree[L 27 37 4]

2

= 012W1h"™ + 093wy 3™ + 03405, ™ + o wiy”

= 3Dghe? 1,2, 3,4 + 2Dgbe2 1,2, 3, 4]

DGR 23,4 4 5 Dl 23,4

=Dgle2 [4,3,2,1]% + DJe2 [4,3,2,1]%

type—0 type—I
. 1 .
+Dihe?[4,3,2, 1% + 3 DiLer 1[4,3,2, 1]%. (2.8)

Note that the (1/2) factor in D1 %2 1[4, 3, 2, 1]?* comes from the fact there is a double

counting, i.e.
Dé;lpgin[4’ 37 27 1]2(.0 — (40’7 30.)7 20" 1(.0)(11:(12 + (30’7 20.)7 10’7 4w)a1:a2
+ (20" 10.1’ 40" 3w)a1:a2 + (10’7 40.1’ 30‘7 2&))(11:(12
=2[(479,3%,29,19)%92 4 (39,217, 4¥)492 ], (2.9)
3 One-loop Feynman integrands classification from CHY approach

The main goal of this section, following [49], is to classify some CHY-integrals at one-
loop. Notice that the one-loop CHY-integral prescription given in [49] has the particular

Ty
1 )
Nn — dQ u d tree L
J 2n+1/ s 1b1 / lu’n+4 |:((11,b1,b2,a2):| X
tree

where n is the number of massless external particles and the dyu,,t5 is the tree level measure
defined in [3]

structure?

(3.1)

75 (o)
(a1,b1,b2,a2)

"o (016, Obyby Tby1)
d,llz};lrj_i — A=1 A 161 4b1b2 bol
Vol (PSL(2.€)) ™ [[%4 ., Fa
fixing PSL(2,C)  doa, dog, 1 do; 5
X X 3.2
Ea1 Ea2 o Ez (Ulb1 Obyby 0'b21) ) ( )
n+4 ka-k
Ba=)Y 2P0, A=1,2..,n+4, (3.3)
B=1 0AB
B£A

with the identification

{kn—i—l; kn—l—?; kn+37 kn+4} = {kala kaza kbl ) kbz }7
{O-n+17 On+2,0n+3, O-n+4} = {Ual yTaos Obyy Oby }’ (34)
{En+1; En+27 En+37 En+4} = {Eal ) Eag ) Eb1 ) Ebz}'

4For more details see appendix A.




[a;, b, K] [ar, b, K]

(n-p) anti -lines (n-p) anti -lines

Figure 3. Loop box and triangle definition.

Notice that in (3.2), without loss of generality, we have fixed {o1,0v,,0p,} and {F1, E,, Ep, }.

Additionally, let us remind the measure, d2, it is given by the expression®

A2 = dP (ka, + ky,) 0P (kay + ki, — 0) dPkay dPky, 6P (kay + kay) 6P (K, + ks, ). (3.5)

This measure is introduced to take the forward limit of the four on-shell loop momenta.
The motivation comes because momenta will appear combined in a particular way after
the integration of the o4’s. In appendix A we give a more detailed explanation of how this
particular combination appears.

It is useful to recall that the integration over the o4’s variables is a contour integral,
which is localized over the solution of the scattering equations, i.e. E4 = 0. In addition,
in this paper we are just interested to focus at the integrand level, in other words in J,,,
therefore we do not worry to write the measure %.

The classification is going to be made by taking into account the CHY-integrands

appearing in the Dg,ge_* definitions given in (2.3), (2.4) and (2.5). i.e.

I () = PTieo[l, 2, o] x DA [nn—1,...,1],

I}%l:bQ (O’) = PTtree[]-, 2,..., n] x (Ul? wzanbQ) ’

In order to not saturate the notation on the CHY-graphs, we introduce the definition
given in figure 3.

3.1 One loop integrands classification

As it is going to be checked in section 5, the terms D& ’s have a physical meaning, as

type— *

there is a relation between them and Feynman diagrams. Basically, the number of w‘” az

sin

T = PTe[1,2,... 0] x DA [nn—1,..., 1]

corresponds to the number of legs attached to the loop in the Feynman diagram, and the
term in

I%l:bz — PTtree[l, 2,... ,n] X (O'ij wi?:1j:b2)

“1 ag Ibl ibo
’ (a17b1,62,a2)2’

can be represented as a linear combination of the three CHY-graphs given in figure 4.

152

with a single w,'”? will be in charge of its ordering. In fact, the CHY-integrand,

In particular, in figure 5 we consider the simplest cases.

5In this paper we are considering that the D-dimensional momentum space is real, i.e. k; € RP~11
Therefore, the Dirac delta functions in (3.5) are well defined.



(D (II) (III)

Figure 5. Simplest cases of CHY-graphs from figure 4.

In order to apply the A-algorithm to integrate the CHY-graphs in figure 5, we have
fixed the punctures {o1,04,,04,} by the PSL(2,C) symmetry and the puncture {o,, } by
the scale symmetry [35]. Clearly, we are using a different gauge than the one introduced
in [49]. This new gauge will allows us to work & la Feynman, i.e. each cut on the CHY-graph
becomes a Feynman propagator, quadratic in momenta.

The CHY-graphs in figure 5 come from the following set of integrands

0= PTirce[L, -, n] D2 o[n,... 1] X PTree[L, ..., n] 012 w73 56)
(a1,b1,b2,a2)?
| (el X o onyy e
(al,bl,bg,ag)zx(1,2,...,n)><(1,2,...,n) . @ T ’
(1) = PTireell,...,n) Df;l;gil[n, 1) DY X PTe[L, . ) Umwllngz
B (a1,b17b27a’2)2
_ (107n0 .. .,30’2w)a1:a2 ><w‘31:13112 .. .wg:lﬁ% ><012w117:12:62 . ICHYD n]1:2+. .
(al,bl,bg,az)Qx(1,2,...,n)><(1,2,...,n) ' (1D B ’
(1) = PTiee[n, ..., DL (1, n] D9 x PTyee(l,, .. n] o1 wi’s™
B (a17b17b27a2)2
27 ... T, 19)a1i02 5 ()32 01502 5 o PLD :
=---+( )2 3:3 nin 12Wy.0 _i_m:218{{8{[1,“_’”]1.24__“7
(al,bl,bg,ag) ><(1,2,...,n)><(n,n—l,...,l)



where ellipsis stand for additional terms with the same structure® as those given in the
graphs of figure 4.

Bearing in mind that the A-algorithm is able to solve the CHY-graphs up to an overall
sign the first point to tackle is how to fix this ambiguity.” Let us consider the integrands,

I%{Y[ R ) L Ig%Y[l, ...,n]'? and I%{J[ ..,n]¥2 above. Pulling out the common
factors they become
ICHY[I ]1-2 ( 1) -( 1)n+1 0217122 1 1 (3 7)
yee,m] e =(— — X X ) .
@ I Ta by Oy Obibs | imy Tia Tiaz  O16, 025,023 O
[ on=3 1 1
ICHY ) 1:2: -1 —1 n+1 ajaz X X
(I [ 7 } - _( ) 0-1211171 022b2 Obiby  O0lay02a H?:S OiayOiag  O1b102by (1,...,m)
[ on3 1 1
ICHY on 1:2: -1 -1 n+1 ai1az X X .
(111) [1,...,n] (1) _( ) U§1b1032b206152 014102a5 | |13 0iay Oias 016,026, (1,...,1)

We claim that the terms in the square brackets have a direct representation in terms of
the CHY-graphs in figure 5.

In the following we make use of the A-algorithm to perform the set of integrals
Ig?Y[ N ) I%{)Y[l, ...,n]t? and I(CI%;([ ..,n]¥2. The conjectured overall sign in-
side the brackets in (3.7), (—=1)"*1, is checked numerically afterwards.®

n

Proposition 1. There is an equality among the CHY-integral of (1), (3.7), and the one-loop
n-point Feynman integrand

2 14 n
1 .
~CHY 2 CHY 1:2
I [1,...,n)"2 = St /dQ salbl/dufﬁi M L..n] =3 - (38
4 6
5
Proof. The result follows from a direct calculation,
1
~CHY 1:2 CHY 1:2
J(I) [1,,7?/] :W/dQXSal}nX/d 2—?—1 (I) [1,,”]
o2 1 1
dQs b /dlutree n+1 aiaz % %
2n+1 / @101 n+4 21b1 0—221;20—51172 H?:l Oiaq0%as 01b102h,023 * * " Onl

(_ 1) ree
= on+1 dQ2 Sa,, du%+4 ) (3'9)

5Sometimes, it is necessary to manipulate the integrand to obtain the CHY-graphs in figure 4.

"Notice that the overall sign can be fixed by the technique developed in [33], where the anti-lines have
been considered.

8For the numerical checking we have fixed the punctures and scattering equations, {(o1, E1), (02, E2),
(03, E3)}, namely, the Faddeev-Popov determinant becomes (012023031)2.

~10 -



where in the last step we have mapped each element in the expression inside the bracket
to the CHY-graph: the first factor is the box, namely the loop momenta sector, the second
one is in charge of connecting the loop momenta to all the external points, and the third
factor is the one that gives the ordering. With these identifications all the integrands of
this type will look alike but with the external points permuted.

In order to compute the [ dui’¢ integral within the A-algotithm [35], we introduce
the “nearest neighbour” gauge fixing. One can show that it is necessary to perform a total
of (n 4 1)-consecutive cuts, each one introducing a single propagator, like in the Feynman
diagrams. For instance, using the A-rules, there is only one non zero cut on the CHY-graph

in (3.9), as it is shown on left graph in (3.10).

(3.10)

cut-1 cut—2

1
kaqb

puncture with momentum, &, —i—lk;l, which is connected with a double line to the puncture

This first cut gives the factor and the resulting CHY-graph contains now a massive
o1. By scale symmetry we fix the nearest neighbour to o (next to its right), i.e. o, such
as it is shown on right graph in (3.10), see also figure 3.

The resulting CHY-graph in (3.10) contains also only one non zero cut, which we have
dubbed cut-2. This cut is simple to compute and its result is given by

1
= —— X

: 3.11
k234...nasbs (3:11)

cut—2 cut-3

where clearly the resulting graph keeps the same form but with one less puncture. Iterating
(n — 2) times this procedure we are led with

[”1,/71,1,n,“.,3]
1 1\772
- x | W TS0 (3.12)
kalbl X k234--~na262 XX k2a2b2
cut—(n+1)

cut—1

- 11 -



This final resulting graph has just one non-zero cut, as it is shown in (3.12), which we have

called “cut-(n+1)” and its result by the A-rules is £ 1b
a2062

Summarizing, so far we have proven the equality

2n+1

)
Saiby X Sla1by X S1nai1by X X Sln(n—1)~-'3a1b1 X Sasbs

where the momentum conservation condition, ", ki+kq, +kqy+kp, +kp, =0, has been used.

Carrying out the last integration, [ dQ X sq,,, we are left with the following expression

1 2n+1
—— [ d2AX Sq,p, X
on+1 aiby
Sarby X S1a1by X Slnaiby X X Sin(n—1)---3a1bs X Sazba

1
(k)2 (O R )2 (C Ry k1) (0200 0 ki)? ’ Y

where we have finally identified the algebraic expression with the pictorical one-loop n-
point Feynman integrand. This equality, which corresponds to our initial claim, has also
been checked numerically. W

As a final remark for this first proposition, we can generalize the previous calculation
to the case of attaching CHY tree-level graphs instead of points as in (3.9). Schematically
it is

1 ree
QZVH/dQ X Salbl /d/'LEV+4 s (313)

where N is the total number of external particles. The gluing process to join the CHY
tree-level graphs at the one-loop skeleton can be found in [46, 51]. These kind of graphs
can be solved in the same fashion as we did for the n-point case.

Proposition 2. The CHY-integral of (II), (3.7), identically vanishes.

.1 |
FEEVIL, . n]t2 = 2n+1/dQ X Sas; X /dum GV, a2 =0, (3.14)
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Proof. As in the previous case, the proof is straightforward, but a little tedious.
. 1 .
’J?I%Y[l, ) = W/dg X Sayb, X /d,ufﬁ_z Ig%Y[l, )
n—3

ds ree n Oa1a 1 1
= —/Wkgalbl/d,u:l_;ﬂl [(—1) +1 5 21 2 % %

o2, 0%, 0 O1ay02a; | [res Tiay Tiay Ol O2b, (1 n)
a1b1% asbs b1bs la292aq i=3 Y7a1%%iaz 161 92bo Ly v oy

-1
= %/dﬁ Sarby /du;sz (3.15)

tree

Applying the A-rules on the graph in (3.15) to compute the integral, [ duy¢S, one
obtains that there is just one non-zero cut

(3.16)

cut—1

Furthermore all possible cuts on the resulting CHY-graph in (3.16) are zero, therefore

one can conclude that the integral, 38%Y[1, . ]1:2

..,n]"*, vanishes, i.e.

~ : (_1) ree
JggY[1,...,n]”:2nH A sarp, | Apies B (3.17)

This calculation can be generalized to the case of attaching CHY tree-level graphs
instead of points. Schematically it is

=0, (3.18)

where N is the total number of external particles. These type of graphs, with tree-level
CHY-graphs attached, can be solved in a similar way as we did for the case in (3.17).

~13 -



Proposition 3. There is a correspondence between the CHY-integral of (III), (3.7), and
the one-loop n-point Feynman integrand

2 4 n
~CHY ) t CHY 12
I /dQ - /du;ji CHY[1 . n]'2 = (~1)
4 6
5
(3.19)
Proof. The result follows from a direct calculation,
~ : 1 . .
Jgﬁ;([l L)t = TES! /dQ X Sayby X /du:ﬁri Igﬁ;{[l,...,n]l'z
O.n73 1 1
dfs, /duﬁfee 1)t 414z X - X
2"“/ 1 i 02 .00 4 Obiby  Olay02as | li—3 Ciay Oiay 016,02, (1, .., 1)
(_1) ree
= on+1 S Saiby dufz+4 (320)

To compute this integral we use the previous results together with the cross-ratio identity

012 0q;a O01a102a
1= _ a2y 1 2

(3.21)

01a902a; 01a202a1

It is straightforward to check that by multiplying the CHY-integrand (or graph) in (3.20)

times the above identity and using Proposition 2, the integral, 38%;{[1 .,n]¥2, becomes

1
~C : T CH :
J(IE}][l L)t = PTEs) /dQ X Sayby X /d#;_‘ﬁ (IH;{[L onlfxa

3?%”[1, . n]m , (3.22)

and consequently

2 ¢ n
1 .
S /dQ X salbl/dufﬁi =(-1)3s . W (3.23)
4 6
5
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This result can also be generalized for external CHY tree graphs. Schematically it is

1 tree [
oNF1 dSY X Sayby | dpina |

where N is the total number of external particles and again we can solve these type of
CHY-graphs like we have done in the previous cases.

Now that we have a classification for the type of integrands that will appear in our
calculations we can employ the results in the computation of the integrands for the Bi-
adjoint ®3 scalar theory.

4 The bi-adjoint ®3 scalar theory

The scattering amplitudes at tree level for the massless bi-adjoint ®3 scalar theory are
given by the elements [4]

ree 1 ree
my, *[w|p] := 2"3/ dpiree O [ o] (4.1)
where
T[] p] += PTiree[] X PTireelp] (4.2)

tree

and the measure, duy'®°, is given in (3.2).

tree

weelm|pl, is composed by the sum over all

In [4], it was shown that the integral, m
the trivalent Feynman diagrams containing two planar embeddings, consistent with the

7 (p) ordering respectively.” Specifically mf*®[r|p] reduces to the sum over all elements

contained in the intersection among these two planar ordering. Schematically it can be
written as [4]

mie<lnlp) = (=1 mte ] N milol] (43)

n n n
where n,, is determined by the number of flips between two permutations 7, p [4]. For

m|p
example, let us consider the element, m{®[1234/1243], it reads

1,
2: :3 2: :4 1\ 4
mee[1234]1243] = m{°[1234]1234]Nm{ree[1243]1243] = ﬂ =~
1I4 1.I3 2 3
2 3 2 4
(4.4)

9There are many techniques to compute mﬁfee[ﬂp}, such as ones given in [4, 18, 20, 24, 25, 29, 31—
33, 51, 52].
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which is the right answer. In the previous example one can appreciate the advantage
of (4.3), since the calculation for both orderings is exactly the same but with external
legs permuted to the given ordering. Therefore, we only have to do the full calculation in
the canonical ordering (i.e. (1,2,...,n)). This will prove extremely useful for the one-loop
calculations.

4.1 Bi-adjoint ®3 at one-loop

The CHY prescription to obtain the scattering integrands at one-loop, respecting the planar
orderings (7, p), is given by the elements

_ 1 11
o elo) = 5 [ Akl Tl (4.5)
where |
+op— o
Il lmlp] o= (G x PT{,5 [r] x PT{5 (o] (4.6)

and the measure dui'f;p

n
1-loop . dogrdog- 11,1 doa  (0pte- 0p-1014+)

d =
2 Vol (PSL(2,C)) * [T", B
fixing PSL(2,C) " do;
H 1doop (0p+e- o1 010+)° (4.7)
i—2 B
with
nka,k ka'£+ k:a~€_
Eclz-loop ::Z b+ + , a=1,....n (48)
b—1 Oab O g0+ O at—
b#a
-100 - e:l: N k _
Eelil p._ Z Uﬁbb’ (e-i—)u = (0= /2 £ 0.
b=1

where, without loss of generality, we have fixed {o/+,0,~,01} and {E}f‘"’p, E,}LIOOP, BEyeory,

As it has been shown in [39, 42, 43], the CHY-integral in (4.5) reproduces the linear
propagators in the internal loop momentum ¢/, i.e. in the Q-cut representation [53-55].
Therefore, as it is very well known, these results match with the traditional Feynman
propagators just after using the partial fraction identity and performing a shift in the loop
momentum.

4.2 A new proposal

In this section we propose a new CHY prescription for the S-matrix at one-loop of the
bi-adjoint ®3 scalar theory, that takes into account the planar orderings. In this proposal
we will be able reproduce directly the quadratic propagators, in the same way as the
traditional Feynman approach.
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Borrowing the line of reasoning in [49] and the prescription (4.5) we arrive at:

Definition. The partial amplitude 90, °°P[x|p] is given as
- 1 r
M Plalp] = s [0 x h + ) %[ s T8 el (49)
with 1
CHY L : b1:b
Il-lOOp[ﬂ-|IO} = PTla-llO(Z)Qp [7T] X m X PTl-llogp[lO]' (410)
1-loop

We conjecture that the amplitude, 9%, "7[7|p], reproduces the integrands of the S-
matrix elements at one-loop for the ®3 bi-adjoint massless theory. We are going to present
several examples in order to support this statement.

Notice that despite the similarity among the prescriptions (4.5) and (4.9), there are
significant differences between them: i) The total number of punctures do not match,
namely in (4.5) there are n + 2 punctures, out of which two are massive, while in (4.9)
there are n + 4 massless punctures. i) The scattering equations are neither the same,
although in [41] it was shown that the massive scattering equations in (4.8) can be obtained
from (3.3) after dimensional reduction. Additionally, 4ii) the final outcomes are different,
as it is going to be shown later, (4.5) produces linear propagators in £#, while (4.9) is able

to reproduce the quadratic propagators as the traditional Feynman approach.

CHY

1-loop [7]p] in (4.10) becomes

After some manipulations I

: 1 b1:b
I?_Ié\o(vp[ﬂ'|p] = PTla_llo?)Qp[W] X m X PTl—lloozp[p] (411)
= Z Z PTtree(Oél,...,an,al,bl,bQ,ag) XPTtree(/Bh'"76n7b17a17a27b2)'
aecyc(r) fecyc(p)

As a consequence the integral, [ duﬁf_ﬁ Ilc_{gp

planar Feynman diagrams. However, this is not a very efficient and useful way to proceed

[|p], is just a sum over trivalent tree level

because there is a large number of singular Feynman diagrams that do not contribute to
the partial Amplitude, i.e. these diagrams must cancel out among them.
For example, consider the CHY-integrand

1N p[1,2,3[1,2,3] = PTiree(1,2,3,a1,b1,b2,a2) X PTree(1,2,3,b1,a1,a2,ba) +-+ (4.12)

where ellipsis stand for terms obtained under cyclic permutations. The CHY-graph for the
first term of the expansion in (4.12) is represented on the left hand side of figure 6.
The integral

/dﬂgﬁi PTtree(la 25 3a ay, bl’ b27 a2) X PTtree(la 25 3, bl’alaa27 b2) s

contains the sum over all possible trivalent planar Feynman diagrams, [4, 29, 31, 35],
that have been depicted with a grey circle and blue lines in figure 6(b). In particular,
in figure 7(a) we give one example. Clearly, by performing the [ dQs,,;, integral of this
diagram, one obtains a tadpole, such as it is shown in figure 7(b). This singular diagram
must not contribute to the amplitude and therefore it cancels out with another one which
comes from the next contributions. This kind of analysis is tedious since the number of
tree level diagrams in (4.11) is large.
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N

1
a, 2 a, 2
—
/)2 3 b 3
/)1 a,

/)7 a
(a) (b)

Figure 6. (a) CHY-graph for the first term in (4.12). (b) All trivalent Feynman diagrams associ-
ated to the CHY-graph (The grey circle means the sum over all possible trivalent vertices.).

1 2
1 2
l 3 \ﬁiﬂ Sa,b,
—_—
a, a, 3
I l
/)2 /)1

Figure 7. One of all possible Feynman diagrams given in figure 6(b). Resulting tadpole after
making the forward limit, i.e. by integrating [ d€2 (kq, + ks, )%

In order to handle this group of cancelling diagrams without going through the detailed
analysis described above, we shall rely on the findings of sections 2 and 3 to classify the
Feynman diagrams at one-loop from the CHY approach. In the next section we are going
to show several examples where this new technology is applied and the conjecture over
M| p] will be checked.

Finally, note that the method used in [42, 43] could be applied here with a small
variation: the off-shell momenta, £# and —¢#, are split into two on-shell momenta, (k% , k:gl)
and (kf;, k. ), as is shown in figure 6.

5 Examples

In the following section we will use all the previous results to calculate the particular cases
n = 3 and n = 4. Since n = 3 is simpler, it contains only two possible orderings, we will
show all the contributions by direct calculation of the integrands in (2.7).

Before giving the examples, it is useful to introduce the following notation
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5.1 Three-point

In this case there are just two partial amplitudes, one coming from QJT%'IOOP[L 2,3|1,2, 3]

and another from Sﬁé'loor"[l, 2,3|3,2,1]. In addition, as inferred from (2.7), we have two
expressions for PT72[1,2,3], one written in terms of the Dt‘;}’;e_*’s from the ordering
(1,2,3), and the other in terms of the ordering (3,2,1). In the following we disentangle each

of them.
5.1.1 Obtaining 23 '°°P[1,2, 3|1, 2, 3]
Let us start with the first CHY-integrand

PTtree[L 27 3] X PTtree[la 2a 3]
(a17b13 b27a2)2

2D 12,3 i 12,32 x [t ot omat”

1Y [1,2,3|1,2,3] =

1-loop

type—0 type—I
= — [2XGY 12,312 I 1,2, 3] 2+ TG, (2,3)] 2+ TG (3, 1), 21
+eye(1,2,3)] (5.2)

where we have introduced the shorthand notation

- 1 1 1
ICHY G (5, 6)]% = (=1) | (=1) x X X —
(I) [ ( )] ( ) ( ) 021b1022b20b11)2 Jia1gia2X0ja1akag Uiblo-jbzo-kix(]vk)
. 1 1 1
ICMY [(k,4), )% := (=1) | (=1) x X X 1.
) [( ) ] ( )( ) 021b1022b20b1b2 OkayTias X O0ja; 0 jasg O'ibla'jbgo'jkx(kal)

In terms of the CHY-graphs one has

MLP(1,2,3]1,2,3] = 2—14/dQ X Sy, X (5.3)
1 1 i
[t o[ ”" o+ [0} +f +eye(l,23
2 2 2 3
That can be simplified further using (3.22)
- 1
M31°°P[1,2,3]1,2,3] = o /dQ X Sayh, X (5.4)

3
+ + cye(1,2,3)
3 \
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From the general result in section 3.1 the first integral reduces to

1

1

o dQsalbl/dpger 13 3 +cye(1,2,3) ) = , (5.5)

2

while the rest of terms can be cast in the general form depicted in figure 4(a), and their
computations is totally similar to the one presented in section 3.1

1 1
= — X N
5923 (kia2 + kb2)2 (k‘l + ko, + kb1)2

1
3t % s % [ dus (5.6)

1 7 1 1
L " d tree _ . 57
< St X/ ot \ 515 Vo + B2 (1 + i oy F R )2 1)

2

\V]
=~

Notice that by performing the integral [ df, i.e. at the forward limit, the momentum
conservation condition becomes, ki + ko + k3 = 0 (s12 = $13 = s23 = 0), and the expres-
sions (5.6), (5.7) are ill defined. This fact indicates that these type of terms need some
regularization.! One way to obtain a well defined result by integrating (5.6) and (5.7)
over [ d) is to regularize the forward limit condition, i.e. instead to consider the measure,
dPky, dPky, 0P (kgy+ka,) 6P (ky,+ky,), we allow for the measure dPk,, dPky, 6P (kq,+
kay — §) 0P (ky, + kp, — &), where € is an infinitesimal vector (€2 ~ 0) orthogonal to the
external vectors!! (e-k; = 0). Using this new measure the momentum conservation condi-
tion becomes, k1 +ka+k3 = € (s12 = s13 = 523 = €2), and now we are able to integrate (5.6)

and (5.7). Considering the leading order term one has

1 1 1
dQ) =— X " = , (5.8
/ |:823 (ka2 + kbz)Q (kl + kal + kbl)g] S23 02 (5 + k1)2 ( )
2 3
2
1 1 1 t
/dQ [ 2 2] =X 2 =
S13 (k@ -+ ka) (k‘l + k3 + kal -+ kbl) S13 14 (5 + ki + kg)
3 1

1ONotice that in the linear propagator approach these kind of diagrams are absent [42, 43], see section 6.
17T et us recall this condition depends of the dimension of the momentum space.
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Finally, adding all the partial results one gets

1 1 2 3
M2 1°°P[1,2,3]1,2,3] = /d)\ + i - ? - i (5.9)
2 3 2 3 3 1 1 2

which is the expected answer, and has also been checked numerically. In section 6 we will

briefly discuss about the external-leg bubbles contributions in 901" [x|«].

5.1.2 Obtaining M1 '°°P[1, 2, 3|3, 2, 1]

To compute the next partial amplitude we use the second expression for PTf}l;C(‘fp[l, 2,3]
in (2.7). The CHY-integrand for this case is

PTireel3,2,1|PTree|3,2,1 . )
I [1,2,313,2,1] = — “ee([al bl]bz ;;i ] D [3,2,1]% + D [3,2,11]
blsbg}

by:b b1:b
X |O32wsly 2 +021 Wy - +013Wy 1

=10 [3,2, 152+ TG (3,2, 1132+ 10 [3, (2, D)2 + 1Y [(1,3), 22

+eye(3,2,1)
=T 13, (2, DI I (1,3), 22 eye(3,2,1), (5.10)
where in the first line we used the inversion property of the PT factors, and in the third
one the result, Ig%}/[?), 2,132 = —I&HY [3,2,1]32 + (zero after integration), given in (3.22).
Translating to CHY-graphs the amplitude becomes,
-1
mé-loop[172,3|3,2, 1] = (24) /dQ X Sayby (5.11)

X /dugffj 0 +cye(3,2,1)

The integrals entering in (5.11) were already computed in the example above, (5.6)—(5.8).
Collecting then we can write the total result as

1 2 3
2 g0 Si Si . Eé Cam
3 2 1 3 2 1

which has been checked numerically.

Hitherto we have found the Feynman diagrams expansion for the canonical ordering,
ML °P[1,2, 3|1, 2, 3] and its opposite ordering, M3 °°?[1,2, 3|3,2, 1], in (5.9), (5.12) respec-
tively. With those it is now straightforward to verify the relation

(—1) ME°°P[1,2, 31,2, 3] N ML'°P[3,2,1]3,2,1] = M3 "°°P[1,2,3]3,2,1], (5.13)

- 21 —



which is the one-loop equivalent to (4.3) [4]. In [42] a general relation at one-loop was con-
jectured, but in the Q-cut representation, i.e. using the prescription presented in section 4.1.
Although we have not got a general proof for (5.13), we have a strong numerical evidence
that the conjecture formulated in [42] can be extended to the new proposal formulated in
this paper as

9, P |p] = (—1)"rle M1 rlmr] AP plp] (5.14)

5.2 Four-point

In this case we will have to deal with three different independent orderings,
[7|p] € {[1234|1234], [1234]4321], [1234]1243]} . (5.15)

We will calculate explicitly the first one and rely heavily in the use of (5.14) in order to
infer the rest of them.
The CHY-integrand for the partial amplitude Wi’lOOP[L 2,3,4/1,2,3,4] reads

PTiree(1,2,3,4]PTrec[1,2, 3, 4]
(a1,b1,b2,a2)?

x [3DEe2 [1,2,3,4]% 4+ 2D e [1,2,3, 4%

15%[1,2,3,411,2,3,4] —

+ Dipeill, 2,3, 4 + 2 Doetnll; 2,3, 4]

211172].

b1:b b1:b b1:b
x [o120785” + 023 wyl5™ + 034wyl + our Wil

After expanding the terms we obtain several cancellations due to the identity,

Igﬁ?[*] = —I%{Y[*], which was proven in (3.22) in the simplest case. After a rather cum-

bersome calculation the above amplitude can be cast in terms of CHY-graphs as

25

-1
mi—loop[17273’4’1,27374] — ( ) /dQ X Saib; X

+eye(1,2,3,4) v . (5.16)

All the integrals in (5.16) can be computed using the Propositions 1, 2, 3 and the technology
described in their proofs. The result is, following the same order: one box, four triangles,
two bubbles and the external-leg bubbles The latter must be regularized. In terms of
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Feynman diagrams one has

1 4 1 4
9)?}1'1001)[1,2,3,4\1,2,3,4] = — K:( — }:>—< + Cyc(1,2,3,4)
2 3 2 3
1 4 4
4
1 ; ,
— — = +cye(1,2,3,4) |,
2 3
2 3 2

(5.17)

where the grey circle in the third graph inside of the bracket means the sum over all possible
trivalent planar diagrams. This result was checked numerically.

In order to calculate analytically the next contributions we are going to use the con-
jecture in (5.14)

M, °%P[1, 2, 3,4/4, 3,2, 1] fml 10010[1 2,3,4[1,2,3,4] N M °P[4, 3,2, 1[4, 3,2, 1]
3
+cye(1,2,3,4) |, (5.18)
MLOP[1,2,3,4]1,2,4,3] = sm}joop 1,2,3,4]1,2,3,4] N 9N, °°P[1,2, 4, 3]1,2,4, 3]

EVEWE ST

These results were checked numerically concluding that, in fact, the conjecture in (5.14)
works perfectly.

With this procedure we can easily go to higher point cases, since we can always con-
struct the CHY-graphs for 95 '°°P[1[1], where 1 means canonical ordering, and know how
to calculate all the CHY-integrals.

5.3 General structure of SJI}QIOOP [1n]1N]

From the CHY-graphs representation found for 95 '°°P[13|13] and 9L °P[1,4[14] in (5.4)
and (5.16) respectively, where 1y means the canonical ordering (1,2, ..., N), it is direct to
obtain the general expression for Zm}\}lmp[]l ~N|1n]. To be precise, up to global sign, one has

1-1 1 ree a—
?mNOOp[]lN’ﬂN] = 2N+1/d9 3a1b1/ §V+4 [ZZGChY 2N [[i]] + cye(L,....N) |,

a=2 i
(5.20)
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where the set, Gchya 2 Ny IS defined as

(

/"

Gchy?:f ~ = { All possible CHY-graphs with the form @4» o (5.21)

n- 2 . For instance

& & -

Therefore, it now is clear that (5.20) is in agreement with (5.4) and (5.16).

being Gehy)' 2 nlld]] an element in Gehyy'”

1
GChY1,2,3,4 =

Using the same techniques developed in the proof of Proposition 1, we can compute
the CHY-integral for a generic element in Gchy{"i? n- Thus, we assert the following general
result at the integrand level

where the grey circles mean the sum over all possible trivalent planar diagrams and the
symbol, “P,”, means the loop circle is a regular polygon of n edges, where we define P, as
a bubble.

Finally, using the general results given in (5.20) and the “map” in (5.23), the struc-
ture of M *°P[1y]1x] becomes simple. In [56], we also analyse the general case for the

integrands that contribute to MMy [x|p].

6 External-leg bubbles

As it is known, in the linear propagators formalism the external-leg bubbles vanish. To
illustrate that, let us consider the following Feynman integrand

¢ 1 1 1
o _ _ , 6.1
K—O—’fr CU+ k)2 220k +k) (04 k)220 ki + k?) (6.1)

where we have applied the partial fraction identity, ﬁ = 4 Bli Y + B A{ By Performing

a shifting over the loop momentum variable in the second term in (6.1), i.e. £ — £ = £+ k;,

— 24 —



one obtains!?

1 1 1
C+ k)2 220k + k) 220k — k2)

(6.2)

Since we are interested on the external leg bubbles,'® we assume that k; is an external
massless on-shell particle and therefore (6.2) vanishes. This is the reason, in principle, why
in the linear propagator formalism the external-leg bubbles do not appear [43]. In [42]
it was also argued that the external-leg bubbles contribution must be regularized. In the
proposal we present in this work, the external-leg bubbles appear in a natural way and been
also singular their contribution need to be regularize. Notice that from the map (5.23),
it is straightforward to identify the external-leg bubbles contributions in 9k 10010[ In|Ln].
This contribution is given by the expression

- 1
miii(é?lﬁ)ar[ﬂ‘N|ﬂN] = QNH/dQ X Salbl/ UL ZGChyo E]I(;B [[4]] +cye(1,...,N) |,

where Gchy0 E]I(,B is defined as

Gehy$FLB

Clearly, Gchy0 BB C Gchy1 > and this is the generator of the external-leg bubbles (ELB).
Finally, we beheve perhaps it would be interesting to find a regularization method in
the CHY coordinates.

7 Feynman ie prescription

In order to obtain the full form of the traditional Feynman propagators, we show that
our proposal is able to reproduce the Feynman ie. This term can be included at each
propagator in a pragmatic and simple way, by dimensional reduction in the momenta of
the auxiliary punctures, i.e. (kq,, kay, Kby, Kb, )-

Let us consider that the momenta of the auxiliary punctures has one more dimension
than the rest of the kinematic data, namely,

K, = (K ket Ko, = (K, kb h), w=1,...,D, (7.1)
kM = (K*)0), M= (#)0), a=1,...n,

where D is the number of physical dimensions and n is the number of external particles.
The forward limit measure, df2, is modified in the following way

d2:=dP (kq, +kp, )0P) (kg +ky, —0)dP T K4, dPH K, 6P (K, + K, ) 6P (K, + Ky, ).

12YWe are assuming that the integration measure over £ is 1nvariant under this transformation.

130n this example we are considering that the propagator, KQ, is regularized.
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After performing all integrals, the propagators become

1 1 1
= = 9 7.2
(Kay + Ky + P)? kg, + Ky, +p)% + 2k k0T (04 p)2 + 2k k) (7:2)

where PM = (p*,0) is a momentum vector given by the sum of external momenta, i.e
PM = My B = (K, 4+ kb, 0) := (p*,0), therefore (Kq, + Ky, ) P = (ka, +kb, ) p-
Finally, with the identification, 2 kcf?l“ kb’i +1 — je, we obtain the Feynman propagators in
full form.

8 Discussions

Along the line of reasoning introduced in [49], we have proposed a reformulation for the
one-loop Parke-Taylor factors given in [39, 42, 43]. Exploiting the algebraic (Schouten-like)
identity between the o;;’s in the PT factors, we were able to show that they can be expanded
in such a way that no tadpoles integrands will appear later, so for bi-adjoint ®3 theory
this cancellation is not necessarily related to the anti-symmetry of the structure constant
in the cubic vertex. The construction also allowed us to build and classify systematically
all the contributing CHY-integrals to the one-loop n-point case.

These new PT factors were used to calculate the partial amplitudes for the bi-adjoint
®3 theory at one-loop. It can be seen that the prescription presents advantages over the
previous ones:

e In this approach the CHY-integrals are supported over n + 4 massless scattering
equations only, where n is the total number of external particles. Thus, all the known
techniques to compute these type of integrals can be used [4, 18, 20, 24, 25, 29, 31—
33, 51, 52].

e It gives directly the quadratic Feynman propagators, unlike the already known pre-
scriptions, which must apply the partial fractions identity, namely, their results are
written in the @-cut language [53].

e The corresponding CHY-graphs are well suited to be easily solved using the
A-algorithm allowing to calculate the integrands for higher points cases in a simi-
lar fashion to Feynman diagrams. In addition, with the technology developed in this
work, we are able to compute the CHY-integrals directly in the forward limit, up to
external-leg bubble configurations. The reason is because the singular solutions of
the scattering equations do not contribute.

In addition, it is straightforward to note that if one takes all the permutations instead
of the cyclic ones, i.e,

. 1 . .
T = Y 0 = (1) PTaeell, ] DG [, 1]
a€Sy_1 a1 203 Qn—10n
_ .aj:a2, .ai:a2 ai:as
= Wy TWop Tt Wi (81)
_aj:a2, .ai:a2 ai:ao
= Wi "Wz Tttt Wi Ty
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where o1 := 1 and S,_1 is the set of all permutations of {2,3,...,n}, and by integrating
it with, I%“Im = PTf_llfgp[l, 2,...,n], one obtains the n-gon with the canonical ordering,
which is a consequence of Proposition 1. Therefore, we can say that the calculations in [49]
are a particular case of our prescription.

At this time, most of computations performed at loop level using the CHY prescription
have been obtained in the Q-cut language [38-43, 46-48, 51, 57-59], i.e. linear propagators
in the loop momenta. Additionally, it is very well known that the PT factors is one of the
most important ingredient to define several types of theories in the CHY approach, most
notably Yang-Mills and Einstein gravity (from the Kawai-Lewellen-Tye (KLT) relations
point of view).

We are confident that by using the new formulation of the PT factors at one-loop, as it
has been proposed in this work, we will be able to extend our ideas beyond the bi-adjoint
®3 case, in particular for the Yang-Mills theory (see appendix A and eq. (A.13)), Recently,
many works about the Bern-Carrasco-Johansson (BCJ) duality and KLT kernel in the CHY
context have been published [60-67]. In particular, at one-loop all found results have been
written in the Q-cuts representation [62, 63]. Thus, following the lines of the new proposal
developed here, it would be very interesting to obtain result in terms of the conventional
propagators, (4 K)~2, and to compare with the technologies presented in [62, 63, 68-70].

Moreover, extensions to higher loops are being developed [56]. In addition, it would
be fascinating to found the origin of this new prescription or its relationship with the
Ambitwistor string theory [36, 71-73].
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A CHY-integrands at one-loop

In this appendix we will give a simple way to construct CHY-integrands that have a partic-
ular dependence on the loop momenta after integration, i.e. they come as couples, (kq, +kp, )
and (kq, + kb, )-

As it was mentioned previously, the proposal given in this paper follows the idea
presented in [49]. The main idea that motivated the one-loop calculation in [49] is that the
CHY-integral

1
2n+1

/ dPka, dPky, 6P (kay + ke, )6P) (ky, + ky,) ¥ (A.1)

al:az al:a ai:a bl:bg b1:b2 bl:bg
/dutree {%:2 Wo:z = " Wi }x Wig " Wai3 ™ "1 Wi
n+4
(a17b17b27a2) (alablaanGQ)
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is just the unitary cut of the two-loop diagram [51], at the integrand level, as it has been
represented above. Therefore, in order to obtain a one-loop integrand, we multiply by the
factor, (kq, +kp, )%, and we make the identification, kg, +kp, = £. This process is performed
by the integral, [ d”(ka, + kp,) 6P (ka, + kp, — ). This would be a simple explanation
why the measure, d§2 X Sqp,, is introduced in that particular way. Note that the (A.1)
CHY-integrand is a generalization for the one found in [39, 47]

G N A
/dlbw Wiy Wit Wl o |Wr2 Wog ct Wi (A.2)
2 — )
ot (et ¢ ) (e, - )

1

2 ¢ n

Linear propagators
+ per( n),

4 6

5

which is the one that reproduces only linear propagators.

Generalizing the (A.1) idea, our proposal is

1 /% (o)
Nn — dQ “ d tree L
J 2n+1 / S 1b1 / /’I/n+4 |:(a1, bl, b27 a2):| X

So, a natural question is: what must be the form of the integrands, {Z;"****,Z }gl:bQ}, in order

(a1,b1,b2,a2)

zivo 1

to obtain a function of the couples, (kq, + kp,) and (kq, + kp,) ? Before giving an answer
of this question, it is useful to remind our one-loop Parke-Taylor factors construction.

In [42, 43], the planar one-loop Parke-Taylor factors for linear propagators were pre-
sented, and they can be written like

1 1 yope
PT. = —-— Wl A3
! loop[ ] (ngagi) Z Oaj1090asas """ Oap_1o Anial ( )
OcECyC(ﬂ') 102 2003 n—10n
Following the previous proposal and the generalization of (A.2) given in (A.1), in this paper
we proposed the planar Parke-Taylor factors at one-loop for quadratic propagators as

IgliaQ (O') _ PTflll]ggp[ ] — 1 Z 1 wal-a2
(a17b17627a2) (al,bl,bQ,GQ) (a17b17b27a2) aecyc(ﬂ) Oara20asas3 """ Oanp_10n Gniar?
. b1:b
Ilgl.b2 (U) . PTllloip[p] L 1 Z 1 bl bo
T ﬁn 51

(ala b1, b, a2) B (ah b1, b27a2) <a17 b1, b27a2) Becye(p) 0818208283 """ 0Bp_108n

(A.4)

It is not obvious that by using these integrands we will obtain a functional dependence of
the loop momenta like (kq, + kp,) and (kq, + ks, ), nevertheless, it is not difficult to show
that this turn out to be the case. First of all, as in (4.11), it is straightforward to check
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that the integrands in (A.4) can be written as

Py ]
(alabllt—ol;;p;a@) - Z PTtree[ahOQ""7an7a1’b1’b2’a2]’
a€ccyc(m)
P02, )
& - Z PTtree[BIMBQV"76n>b17a17a‘27b2]' (A5)
(a17 b17 b27 a2)
Becyc(p)

Each term in the (A.5) sums is called a partial planar one-loop Parke-Taylor factor, and
we denote them as

R 1 (a1, a2)
PTHPlq] := PThee|at, - - -, ny a1, by, b = ’
L [OZ} t. [ala y Qn, 41, 01, 2,&2] (al,bl,bg,ag) |:(O(1,...,Oén,a1,a2):| )
B 1 (b1, b2)
PTEYPI8] i = PTee[Bis - - -, B, b by| = ’ .
R treel 51 By by, a1, a, by (a1,b1,b2,a2) |:(ala--->an7blab2):|
(A.6)

Next, by taking the CHY-integral of the product of these two factors, PT;lOOp and
PT};QOP, for two generic orderings'? o and 3, it can be represented as

[tz T < PTRS, )

where we have used the intersection property [4] from section 4, and the grey circles mean
the sum over all possible trivalent planar diagrams. Clearly, in (A.7) we have shown that
the CHY-integral, [ duieS PTlL'100p [a] x PTElOOp [B], is in fact a function of the two off-shell
momenta which come from the combinations of four on-shell momenta: (k,, + kp,) and
(kay +kp,). This implies that the whole construction developed in this paper is well defined,
i.e. the three types of CHY-integrands:

Z7V (o) 7" (0) 1100 -1
=PT P PT, %P A8
(a1,b1,b2,a2)  (a1,by,b2,a2) p o] x PTRA (A-8)
Ia1:a2 Ib15b2 PTa_l (;102 T
L (U) R (O-) — 1-1 p[ ] > PT}%—IOOp[ﬂ] ’ (AQ)
(CLl,bl,bQ,(ZQ) (al?blvb%a?) (CLl,bl,bg,(IQ)
ai:a : : b1:b
T (o) I}%l ba (0) PT‘ll_llggp [7] PTliloip (0] (A.10)

(a1,b1,b2,a2) = (a1,b1,b2,a2)  (a1,b1,b2,a2) = (a1,b1,b2,a2)’

Note that this is a general case of the example shown in (4.12).
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give a functional dependence of the loop momenta like (kq, + kp,) and (kq, + kp,). In

addition, from the identities

ai:az , ai:as

Wa:3

Z PT}P[ay,..., an_1,n] = b ml_ (A.11)
s (a1,b1,b2,a2)
bi:ba , bi:ba  b1ib
Z PTEIOOP [517 Tt anla ’I’L] = 212 WQZ? b “n:) (A12)
BESn_1 (a/lv 1, 2,(12)
where S, is the group of (n — 1)-permutations, the CHY-integrand in (A.1),
o) IR™(o) S i

ai:as
_ [Wl:z

bi:ba . bi:bo
} Wyp "Wo3 ™ v
(ala b17 b27 a2)

(a1,b1,b2,a2)  (a1,b1,b2,a2) (a1,b1,b2,a2)

gives also a functional dependence of (kq, + ki, ) and (ka, + ks,)-
Therefore, we have found an answer for the question formulated previously, to obtain
a CHY-integral that is able to give a functional dependence of the momenta, (kq, + ks, )

. 0192 (o) 72102 () . L
and (kq, + kp,), the integrands, Tarhitay M G, e must be a linear combination

of the factors, PTlL'lOOp and PT;IOOP, respectively.

Finally, from the ideas given in this appendix, in order to reproduce the planar con-
tribution at one-loop (with quadratic propagators) for Yang-Mills theory, we propose the
following prescription [56]

ala
AN (12 n):/ aPy X/dQ Sabs x/dutree PT{52[1,2,...,n]
Hoop(L: 2 )= [ gmp X | T S an, by, by o)
11
XY Ny b lprepnlbnar X PTR P01, -, pul, (A.13)
pESH
where N, py(p;..p[b1,a; ar€ the BCJ numerators, which must be found (see [62, 63] for

linear representation). Additionally, some progress towards the construction of the partial

non-planar one-loop Parke-Taylor factors is in development. In [56], we have shown that

those non-planar Parke-Taylor factors can be written as a linear combination of PTlL'IOOP

(or PT'°°P), as it is claimed in this appendix.

B Proof of the one-loop Parke-Taylor factor expansion

The path we found to write (2.2) as a sum of terms with a minimum number of two
Z;‘:am
one-loop CHY diagrams with a fixed number of external points is bigger than the one

w s was not a straightforward one, but it allowed us to see that the space for the
of Feynman diagrams. We have seen that the diagrams we have encounter so far can be
written in terms of the diagrams we computed in section 3, even diagrams that cannot be
solved using the A-algorithm, which happens to be the case for the original Parke-Taylor
factor. Our proof will be supported only in the use of the Schouten-like identity

OacObd — TadTbc
Oab0cd

1=

(B.1)
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which give us a cross-ratio to relate the diagrams algebraically, without the use of the
scattering equations.

Our starting point is the expression (2.2) for the one-loop Parke-Taylor factor with
ordering , it can be rewritten as follows

PT{ (1] = PToee[m] D Oapo Wi . (B.2)

1-loop Qn i
accyc(m)

Since the proof works the same way for any ordering, we can take m = (12...n), then

PT[ 0012, .., n] = PTyee[1,2,. .., n] (012075™ + 023w 3" + ... + omiwp ™) . (B.3)
One thing to attempt would be to solve the diagram corresponding to the first term
and then take cyclic permutations of the result, but it leads to singular cuts, so we cannot
apply the A-algorithm. Since the PTi.ee is a global factor, we can perform our analysis
just on the first term ow and then apply the cyclic permutations to get the whole PT_j0p.
Writing it explicitly
a1:as 0120a,az
T12W5 = — B.4
12 O1la102a2 ( )
We want to find terms with the higher order of w’s, since we are missing 2n—2 factors in
the denominator, we use the cross-ratios (B.1) to obtain them. Now we have (B.4) times “1”

0120a;a5 <0230a1a2 +02a,03a, > (034aa1a2 +03a504a, ) (Unla-alaz +0nas0lay > (B 5)
O01a102ay 02a103as 03a104a9 Ona101as

Expanding all the products and performing the sum over cyclic permutations will give
us more than just the term with n w’s, it will give all the correct terms!® down to w?,
but we will still have terms linear in w. Actually, those linear terms belong to the inverse
ordering. Schematically, the expansion now looks like this

1-loop

PT{1 (1,2, n] = PTueoll,2,..., 7] [” x (00...0) M (ww. . w)™

+(n—1) x {(JJ...Jw)(”)(ww...w)("_2)+...}+...

1n
+2 % (aw)@)(aw)@)] ~PT{% n,n—1,...,1] (B.6)
where the round brackets mean closed cycles, and the super indices on them mean the
number of factors inside. All the terms inside the square brackets belong to the (12... n)
ordering, so we put a super index 1 on them. A somehow unexpected result, is that we can
write PTfllo?p [n,n —1,...,1] as a sum of all the terms on the square brackets (i.e. from
its inverse order), but with all the coefficients equal to 1. The expression we have, again

5By correct we mean that each one of these terms will give the integrand for a contributing Feynman
diagram.
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schematically, is

PTH 2 n,n—1,...,1] = PTiee[l,2,..., 7] [((m. o) (ww. . w)™

+{(UU...Uw)(”)(ww...w)("ﬂ)+...}—I—...

+ (ow)®@ (aw)@)} " . (B.7)

To prove the previous relation we apply the inverse procedure with the Schouten like
identity, we dismantle the numerator by mixing the o;;’s with the o4,4,’s, factors that
Hoopln,n—1,..., 1.
Replacing (B.7) in (B.6) we will have an expression with no linear terms in w. Its

cancel out the denominators will appear and we will arrive to the PT

coefficients are the only ones modified

PT{2[1,2,...,n] = PTiee[1,2,...,7] [(n —1) % (o0...0) " (ww...w)™

+(n—2) x {(UJ...aw)(”)(ww...w)("d)+...}+...

+1x (ow)® (aw)(Q)} " . (B.8)

Now this one-loop Parke-Taylor factor will enter into CHY integrands that can be easily
solved using the A-algorithm, these give also the correct contributions for the bi-adjoint
3 scalar theory.

C From quadratic to linear propagators in the CHY-graphs

The computational techniques developed in this work can be applied to the linear propa-
gators approach as well.

Schematically, the CHY-graphs that lead to linear propagators can be obtained from
the ones related to quadratic ones just by replacing the box loop by a “line loop” in the
CHY-graphs, meaning

é+
o

n-py —= (L (C.1)
¢

(n-p-1) anti -lines

where, /* = —¢~ := ¢, and / is the off-shell loop momentum, ¢?> # 0. For example, the
general CHY-graph given in (3.9) becomes

D (C.2)




Here we apply the nearest neighbour gauge fixing to compute the CHY-graph on the left
hand side of (C.2), which was described in detail in the proof of Proposition 1, where it
was applied to calculate the CHY-graph on the right hand side. Following exactly the same
steps we obtain the following result

é+
/ dpty 5P oo : (C.3)

1
[(C+F1)? = CJ[(4-FyA-Kn)? = P[0+ Ey + k4 Fpe1)? — ] [(0+ 200 ki)? — 2]

which is linear in ¢ and where the measure du,lliog()p was defined in (4.7).
Finally, if the result found in (C.3) is summed over all possible permutations, it provides
a proof to the conjecture proposed in [47], equation (7.18).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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