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1 Introduction

On-shell methods for the computation of scattering amplitudes have been intensively stud-
ied during the last decade, since the seminal work of Witten [1] on the N' = 4 super
Yang-Mills theory. Among these methods, the Cachazo-He-Yuan (CHY) prescription [2-5]
stands out for being applicable in arbitrary dimension and, more importantly, for a large
family of interesting theories, including scalars, gauge bosons, gravitons and mixing in-
teractions among them [6-8]. The proposal is to write the tree-level S-matrix in terms
of integrals localized over solutions of the so-called scattering equations [2] on the moduli
space of n-punctured Riemann spheres. Other approaches that use the same moduli space
include the Witten-RSV [1, 9], Cachazo-Geyer [10], and Cachazo-Skinner [11] construc-
tions, but are special to four dimensions.

The CHY formalism has already been verified to reproduce well-known results, such
as the soft limits of various theories [3], the Kawai-Lewellen-Tye relations [12] between
gauge and gravity amplitudes [2], as well as the correct Britto-Cachazo-Feng-Witten [13]
recursion relations in Yang-Mills and bi-adjoint ®3 theories [14].

Although the application of the prescription is quite straightforward, direct evaluation
of the amplitudes for higher multiplicities has proven to be difficult. Several methods
have been developed during the last year to deal with the integration over the Riemann
sphere at the solutions of the scattering equations. These attempts include the study of
solutions at particular kinematics and/or dimensions [4, 5, 15-20], encoding the solutions
to the scattering equations in terms of linear transformations [21-29], or the formulation
of integration rules in terms of the polar structures [30-33].

The CHY formalism has been generalized to loop level in different but equivalent ways.
Using the ambitwistor string [34], a proposal was made in [35, 36] which have been extended
by the same authors to two loops very recently [37]. In [38, 39], a parallel approach has been
proposed, by performing a forward limit on the scattering equations for massive particles
formulated previously in [14, 40] and a generalization of this approach to higher loops has
been considered in [41]. In addition, recent works at one-loop level have been published,
where differential operators on the moduli space were developed [42, 43].

One of the current authors made an independent proposal by generalizing the double-
cover formulation, the so-called A-algorithm, made at tree level in [44] to the one-loop case
by embedding the torus in a CP? through an elliptic curve [45] and used it to reproduce
the ®3 theory at one loop [46].

In this work, we study the CHY formulation for ®3 theory up to two loops from a
new perspective. We propose a construction for CHY integrands based on the holomorphic
forms on Riemann surfaces. We show how it reproduces cubic Feynman diagrams up to
two loops.

Following the approach of [35-37], at one loop we first consider the torus embedded in
CP?, which can be described by an elliptic curve 42 = z(z — 1)(z — A). The prescription
of obtaining the correct field-theory limit, corresponding to the CHY formulation at one
loop, is to consider the pinching of the torus. This yields a nodal Riemann sphere with two



punctures, o,+ and o,-, identified. The two punctures correspond to the loop momentum
£. The advantage of this approach is that one can work with similar objects as at tree level.

Using this prescription, one can consider reducing the holomorphic form dz/y living
on a torus to the following one-form on the nodal Riemann sphere,

N O (11)

0 — Op+ 0 — Oy~

We review how to obtain this geometrical object from pinching the A-cycle on a torus
in section 2.1. The one-form w, is an essential building block for CHY integrands of the
symmetrized n-gon Feynman diagram [35, 36, 39, 45]. In order to satisfy the PSL(2,C)
invariance, it enters the integrand as a quadratic differential q, := wga. More specifically,
we have:

Qp_q of]

1 n
: ~ — . 1.2
sym | ay (G g ) };[1 doy; (1.2)

Here, the right hand side represents a CHY integrand and the left hand side shows
the corresponding Feynman diagram that such integrand computes. It is important to
emphasize that the CHY integrals always compute the answer in the so-called Q-cut repre-
sentation [47], which is equivalent to the standard Feynman diagram evaluation after using
partial fraction identities and shifts of loop momenta. We illustrate this procedure with
many examples throughout this work. In the above equations, symmetrization denoted by
symbol sym means a sum over all permutations of external legs.

We propose a similar construction at two loops. The elliptic curve generalizes to the
hyperelliptic curve 42 = (z — a1)(z — a2)(z — A\)(z — A2)(z — A3) embedded in CP?. On
this hyperelliptic curve there are two global holomorphic forms, which we have chosen to
be (z —a1) dz/y and (z — a2) dz/y, where a; # as. These objects induce two meromorphic
forms over the sphere,

1 1
w, do = ( - ) do, r=1,2, (1.3)

O'—O'E;L O—_O-Z:

where we associate the punctures o,+ and o,~ with the loop momentum /1, and similarly
1 1
for the other momentum, /.

On a double torus, related with the hyperelliptic curve there are three A-cycles which

1

are dependent on each other. We use the corresponding one-forms, w,

, w2 and w} —w? to
define the following quadratic differentials:

1 1 1 2 2 2/, 2 1 3 1,2
e = wa(wa - wa)? Ao = wa(wa - wa)v Qo = Wq Wq,» (14)



with wy = wy , 7 = 1,2. The main result of this paper is that these three quadratic
differentials are enough to construct CHY integrands.

In analogy with (1.2), we propose that the symmetrized two-loop planar Feynman
diagrams are given by the CHY integrand:

- 1.5
o . : (ereseser )(g+g+g o) anz HqB (1.5)
Ak Bm

Here, in the denominator we have used a shorthand for a Parke-Taylor factor (abed) =
(0q —0op)(op — 0c)(0c — 04) (04 — 04). The symmetrization on the left hand side is done for
the sets {a;} and {f;} separately. This object is structurally very similar to the one-loop
case (1.2).

Similarly, we can utilize the remaining quadratic differential, q> in order to define a
non-planar version of the two-loop diagram:

a L b B

@ B2

sym : ~ (ﬁé*é o) anljl—I%JHq% (1.6)
Qy Bm

Now the symmetrization proceeds over the three sets of external legs separately.

We give more details about these building blocks in section 3. In section 4 we propose
a scheme for reconstructing more general CHY graphs from the building blocks mentioned
earlier using simple gluing rules, and give several examples of its application in appendix A.

As a complementary result, we have generalized the A-algorithm [44] introduced by one
of the authors to the two-loop case. Just as at tree level [44] and one loop [45, 46], the A-
algorithm allows us to analytically evaluate arbitrary CHY integrals using simple graphical
rules. We summarize these rules in section 5 and give more details in appendices B and C.

We have combined our proposal for the CHY integrands together with the A-rules for
their evaluation, in order to check many explicit examples in section 6. They are verified
both analytically and numerically up to seven external particles at two loops.

In section 7 we discuss some of the future research directions, including the extensions
to higher-loop orders and to other theories. We comment on the prospects of summing the
diagrams into compact expressions for the full integrand, along the lines of [35, 36, 38].

Outline. This paper is structured as follows. In section 2 we begin by discussing the
holomorphic forms on a torus and a double torus. Using these forms we construct the



basic building blocks for CHY integrands at one and two loops in section 3. In section 4
we demonstrate how to reconstruct arbitrary Feynman diagrams up to two loops using a
gluing procedure. In section 5 we explain the A-rules and provide many examples for a
direct computation of the diagrams constructed in section 6. We conclude in section 7
with a discussion of future directions. This paper comes with three appendices. We give
examples of the gluing operation at loop levels in appendix A. In appendix B we review
the A-algorithm at tree level, and in appendix C we generalize it to two loops.

2 Holomorphic forms at one and two loops

The main purpose of this section, besides giving a brief review of the CHY formalism at one
loop, is to rewrite the one-loop CHY integrand in terms of a fundamental mathematical
object, the global holomorphic form over the torus.

Afterwards we will generalize these ideas to the Riemann surface of genus g = 2. There
we realize a similar analysis, where we first find the holomorphic forms which satisfy the
required physical properties and subsequently construct the CHY integrands by gluing
together several building blocks.

2.1 One-loop holomorphic form
On the elliptic curve (torus) there is only one (1,0)—form given by

Q(z)dz := C;Z, v =z2(2—1)(z = \). (2.1)

At the nodal singularity, i.e., pinching the A-cycle (A = 0), this holomorphic form becomes

zQ(z)’ dz = _ %—i-l -t %—Fl dz =1 w,dz, (2.2)
A=0 2(z — zp+) \ 2(z—zp-) Lt =

where i = /=1, (z+,y5) = —(2-,y;-) = (0,4) and (y*)* = z — 1. In other words, one
can say that the puncture z,+ = 0 is on the upper sheet, y2+ =4, and the puncture z,- =0
is on the lower sheet, y}_ = —i, over a double cover of the sphere given by the quadratic
curve (y%)2 = z — 1. In order to obtain an expression over a single cover, we use the
transformation z = 02 + 1, so

wde:zdz_< ! ! >d0':< L1 )dU::wgda, (2.3)

2yt \o—i o+i o—0p O — 0y
where the puncture (zg+,yj.) = (0,i) has been mapped to o+ = i and the puncture
(z-,yp-) = (0,—1) to o~ = —i. As it was shown in [35, 36, 45], the momentum associ-

ated to the punctures {o+,0,-} are {(£T)*, (£7)F} = {40, —¢"}, where ¢ is the loop
momentumn, i.e. it is off-shell (¢2 # 0).
2.1.1 Geometric interpretation

After figuring out the reduction from the holomorphic form on a torus to the meromorphic
form on a nodal Riemann sphere, we will give it a geometric interpretation. Before that let



pinching the A-cycle

Figure 1. Geometrical interpretation of reducing from the holomorphic form (z) on a torus to
the meromorphic form w, on a Riemann sphere.

us clarify the notation of CHY graphs. On a Riemann sphere, it is convenient to represent
the factor Ul as a line and the factor o, as a dotted line that we call the anti-line:

ab

1

— < a— b (line), (2.4)
Oab
Oap <> a — — — —b (anti—line), (2.5)

In this way, CHY integrands have graphical description as CHY graphs. We will use
this notation to represent the meromorphic form w, and also any CHY integrands in the
remainder of the paper.

On the torus, as shown on the left of figure 1, the holomorphic form €2(z) connects a
puncture with itself by a line around the B-cycle [46]. Obviously, this object does not have
an analogy at tree level. However, after pinching the A-cycle and separating the node, the
torus becomes a nodal Riemann sphere. In this way, the holomorphic form €(z) becomes
the meromorphic form w, on the Riemann sphere, whose CHY graph representation of this
form is given on the right side in figure 1.

Note that the meromorphic form inherited from the torus

1 1 _
Wy do = ( - ) do = et do, (2.6)
oO—0pr 0 —0p (0 —op+)(o0—0y-)

has only simple poles at ¢ = o)+ and o = 0,—, with residues +1 and —1, respectively. In
addition, this form vanishes when o,+ = g,—, namely the factorization channel correspond-
ing to a divergent contribution ~ @, is not allowed. This important fact drives us to

think that this is a fundamental and natural object to build CHY integrands.

2.2 Holomorphic forms over the double torus

In the previous section, we have shown that one can build physical CHY integrands at one
loop using a natural mathematical object, the global holomorphic form on the torus. This
idea may be generalized to Riemann surfaces of higher genus. And here we realize a similar
analysis at two loops.



Let us consider a Riemann surface of genus 2 as a hyperelliptic curve embedded in
CP?, namely

v = (z—a1)(z—a2)(z— A1)(z — A2)(z — N3), (2.7)

where (A1, A2, \3) parametrize the curve, and (a1, as) are two fixed branch points such that
a1 # as. Since we will be ultimately interested in the degeneration of the curve near Ay = ay
and Ao = as, we denote Aj-cycle the one that goes around A\; = ay in the degeneration
limit. The As-cycle is defined analogously.

Note that this curve has several singular points, but we are only interested in those
where the two A-cycles are pinching at different points, i.e., singularities where the Riemann
surface degenerates to a sphere with four extra punctures. Furthermore, as it will be shown
below, many of the others singularities cancel out after computing the CHY integrals.

It is well-known that over the algebraic curve given in (2.7) there are just two global
holomorphic forms, which can be written as

QL (2)dz = — dz, (2.8)
)

02 (2)dz == S— (2.9)
Y

In order to pinch the A-cycles, we take, without loss of generality, the parameters A\ = ay
and Ay = az. Thus the curve in (2.7) becomes y = (2 — ay)(z — a2)y® where y* is a double
cover sphere given by (y')? = z — A3. Under this degeneration of the Riemann surface the
holomorphic forms turn into

1/2
a1 — \3) 20 (2 dz = Q dz =: w!dz, 2.10
(01 =200 @), b = S e =i (2:10)
— A\ )1/2
az — A3)2Q02 (2 z—(a273 dz =: w? dz, 2.11
( 2 3) ( ) i;g; (Z—CLQ) yt ( )

where we have included normalization factors. Note that w! dz and w? dz are now meromor-
phic forms over a sphere defined by the quadratic curve (y*)? = z— \3. It is straightforward
to see that w! dz has only two simple poles (one on upper sheet and the other one on the
lower sheet), which are associated with the Aj-cycle, i.e.,

j{ wldz = +1, j{ wldz=0, (2.12)
Al A2

b

where “+ 7 is the residue on the upper sheet and “ —” is the residue on the lower sheet.

In an analogous way, for w? dz one has

7{ w?dz =0, % wldz = =+1. (2.13)
A1 A2

Therefore, as it is shown in figure 2, the holomorphic form Q!(z) is related with the A;-
cycle and so its CHY interpretation means that it connects a puncture with itself by a
line around the Bi-cycle. In a similar way, the holomorphic form Q?(z) is related with the
As-cycle and so it connects a puncture with itself by a line around of the Bo-cycle.



Figure 2. Geometrical meaning of the two holomorphic forms on the double torus.

So far, we have found the two meromorphic forms on the double cover sphere (w! and
w?), which are related with the A; and A cycles on the double torus. In order to obtain
an expression over a single cover, we use the transformation z = o2 + A3, so

1 1 Tt
wldo = < - ) dor = ¢ b4 do, (2.14)

0—0p =0 U_aej)(U_UZ;)

1 1 Oty
wido = < — ) do = ( b6 do, (2.15)

0—0y  0—0, U—U@r)(a—%;)

1/2 and the momenta related with these

where 0,+ = £(a1 — A3)V/? and 0,= = £(as — A3)
1 2
four punctures are ¢1 and ¢y respectively.
The meromorphic forms w} and w2 were previously used in [37] to find the scattering
equations at two loops. In addition, in the appendix C we used these scattering equations

to obtain the A—rules.

2.3 Physical requirements

In the same way as the one-loop case, the meromorphic forms w!. over the sphere vanish
when Ot = 04, but this fact occurs independently, namely w! does not feel anything
about what is happening with w2 and vice versa. This suggests that w! and w? are
the fundamental objects to construct CHY integrands for amplitudes where the two-loop
Feynman diagram can be cut into two one-loop diagrams.

In order to describe one-particle irreducible diagrams (1PI), we must consider a third
cycle A3z which connects the two holes of the Riemann surface of genus 2, as it is shown in
figure 2. Nevertheless, it is straightforward to see that this cycle can be written as a linear
combination of {Aj, As}, i.e., A3 = A; — Ay. Therefore, the dual holomorphic form to Aj
is Q1(2) — Q2(z), which after pinching A; and Ay becomes w}

L — w2, Finally, our proposal
to obtain 1PI Feynman diagrams at two loops is to add a third meromorphic form w} —w?.
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Figure 3. Three building blocks for two-loop Feynman diagrams for ®3. We will use these to
construct more complicated 1PI diagrams.

Careful analysis of this proposal would require the knowledge of embedding the Rie-
mann surface into the ambitwistor space [34]. We leave this approach for future work. In
addition, it is useful to remark that the third meromorphic form, which must be used to
build CHY integrands describing 1PI Feynman diagrams, depends on the a—parameter
introduced by [37] to fomulate the scattering equations at two loops. To be more precise,
the meromorphic form that must be used is

wt — aw?. (2.16)

Since we are choosing o = 1 to obtain the integration rules (appendix C), this form is

1 2
o~ Wo-

written as w

In the next section we construct building blocks in order to compute any ® Feyn-
man diagram at one and two loops. We will assemble the meromorphic forms found in
this section into quadratic differentials so that the building blocks can be written in a

compact way.

3 Building blocks of CHY integrands at one and two loops for ®3

In this section, we will give a general definition of the building blocks for CHY graphs
from the meromorphic forms w!, obtained in section 2. There are three building blocks for
Feynman diagrams at one and two loops as it is shown in figure 3. We want to consider
how the corresponding CHY integrands look like.

The general construction is as follows. For a given topology of the graph, see figure 3,
we first assign a skeleton factor. Similarly, we assign each external leg a factor which
depends on the place the leg is attached. For example, in the planar two-loop topology, legs
connected to the left and right loops come with distinct coefficients. The CHY integrand
for a given graph is then simply given by a product of the skeleton and leg factors.

For the purpose of this section we assume that {«;, §;,7;} are off-shell particles. In
section 4 we will introduce a set of gluing rules that allow extending this construction to
arbitrary Feynman graphs.
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Figure 4. Correspondence between the ®3 Feynman diagrams (n-gon symmetrized) and the
I gon—CHY CHY-graphs. S, is the permutation group.

sym

3.1 One-loop building block

At one loop there is only one meromorphic form, which we denote as wg, := w,,. Now, it
is natural to build an integrand as

1

I;ly;;g,on—CHY — ﬁ /dul—loop I;,_H%OH_CHY, (3‘1)

sym

n
— —CHY . 1-1 2 1-1
To—gon .— gl—loop (Wl Wy - - 'wn) — gl—loop H das
a=1

where we have defined

1

1—loop .__ _ 2
gl—loop ._ G qa = (wq)*, (3.2)
_ 1 dO’g+ dO'gf - dda
dpt=1ooP .= X X X —_—, (3.3)
Vol (PSL(2,C)) El}:loop El}_—loop al_[l Eé—lfmp
with the Parke-Taylor factor
(a1,a2,...,0p) := Oayay0azas " * * Oap_1apTapar - (3.4)
and the {EéflOOp, E;J_: 1OOP} one-loop scattering equations
n
ko ky kg U7 kel
l-loop . __ a 4 4 4 2 =0, 3.5
“ ; Oab Oar+ Oat— ( )
b#a
1-1 kg
E, S0P =) =0, ((DF=—()H=0 2#£0. (3.6)
Oyxyp
b=1

Note that we have introduced the factor s'~1°°P in order to obtain the proper PSL(2,C)
transformation. We call the s'71°°P factor a skeleton.

It is well-known [35, 36, 39] that the Iély;;gon_CHY loop integrand corresponds to the ®3
Feynman integrand of the symmetrized n-gon, as it is represented in figure 4. Nevertheless,

~10 -



it is important to recall that the correspondence between Feynman integrand at one-loop
and the CHY integrand can be realized after using the partial fraction identity (p.f) [35]

n

1 1
[Tz Di - Zz; D; Hj;éi(Dj —Di)’

(3.7)

and shifting (S) the loop momentum ¢#. In addition, one must suppose that the integral
[ dP¢ is invariant under that transformation, i.e.

_ 1 InfgonfCHY

angoanEY
p.f gn—1 ~sym ’
S

Sym

(3.8)

where Isny?ngon_FEY is the Feynman integrand for the ®3—diagram in figure 4 and n is the

number of particles. Here the factor 27! comes from the convention of using k, - k
instead of 2k, - kp in the numerators of the scattering equations. In a general [-loop case,
this factor is 2~ (*2=3) due to the PSL(2,C) symmetry of scattering equations and the
number of puncture locations.

3.2 Two-loop building blocks

Next let us focus on the two-loop building blocks, including the planar and non-planar
cases. At two loops, in section 2.2, we have found that the meromorphic forms, w! and w2,
are interpreted as circles going around the B-cycles, in a disjoint way. Namely, wl does
not feel w? and vice versa. In addition, we have also argued that the linear combination,
w}r — w2, is related with the 1PI Feynman diagram at two loops.

In the previous section, we wrote the one-loop integrand for a symmetrized n—gon of
®3, as a product of quadratic differentials living on the torus. Following this idea, one can
easily observe that the quadratic diferrentials (w})? and (w?)? generate CHY integrands
for Feynman diagrams with two separated loops, which we are going to show in sections 4
and 6. However, in order to construct general CHY integrands associated to 1PI Feynman
diagrams at two loops, we should define the following quadratic differentials

da = Wa(wg — wp), (3.9)
dg = w5 (wg — wa), (3.10)
Ay = Wa Wi, (3.11)
where we are using the notation
Oyt p—
W = b r=1,2. (3.12)

(00 —0pt)(0a —0p)

For the two-loop planar building block, we have the following proposal

1
1 — 2-1 1
TH = ey [ o TR, (313
163
k m
I%lﬁrifr .= gPlanar H q}n H q%j, (3.14)
=1 j=1

- 11 -
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Figure 5. The ®3 planar Feynman diagrams we want to compare with the CHY-graphs. S,, is the
permutation group.

1

Splanar — , 3.15

.G )G 6. 6) 319
1 do,+ do,- " doy,
dp?=1ooP .= X rendiD L % , (3.16)
Vol (PSL(2,C)) 7«131 Ejj—loop EKQ;—IOOP al;[l 2~ loop
where the two-loop scattering equations [37], {nglooP,Ej; looP,Ej; looP1 " are given in
1 2

appendix C, and (£,7)F = —(L0)F = (0)F, (240, r=1,2.

It is straightforward to check that the CHY integrand, I%lglif”r, is invariant under per-
mutations over {a1,...,ar} and {f1,...,8,}. Therefore, in order to compare with the
Feynman diagram results, we consider the symmetrization of the planar two-loop diagrams,
as it is shown in figure 5.

We conjecture that the Feynman integrand, Igg}ar, of the ®3 diagram given in figure 5
actually corresponds to the CHY integrand given in (3.13), i.e.,

Iplanar o 1 planar
FEY |psf — on+1 CHY >
S

where n is the number of particles, for this case it means n = k + m. The equality is given
after using the partial fraction identity (3.7) over the loop integrand, and keep in mind we
have defined

p.f := patial fraction identity,

S := Shifting the loop momentum.

This conjecture has been checked analytically up to seven points, using a computer imple-
mentation of the A—algorithm described in appendix C.

Note that unlike the one-loop case, here the number of CHY graphs is 287 by expand-
ing (3.13). In section 6, we give some illustrative examples where the computations are
done in detail. Finally, for the two-loop non-planar case, as in the third graph of figure 3,

- 12 —
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Figure 6. The ®3 non-planar Feynman diagrams we want to compare with the CHY graphs (up
to 75 overall factor).

our proposal for the CHY integrand reads:

non— nar ]' — non— nar
IC(I)-IY plana — oy /dNQ loop ICOHYpla a ? (3.17)
1 %2

k p
Inon—planar __ non—planar 1 4 2 3 3.18
iy = s [Taé [Ta3 1145 (3.18)

i=1  j=1 =1

1

Snon—planar: I (319)
(0,65, 65,47)°

It is simple to see that this CHY integrand is invariant under the permutation over
{ar,...,ax}, {B1,...,Bm} and {71,...,7}. In order to compare it with the loop inte-
grand, we consider the symmetrization of the non-planar two-loop diagrams, as it is shown
in figure 6.

l—non—planar

We conjecture that the Feynman integrand, Zppy, , of the non-planar ®3 diagram
given in figure 6 corresponds to the CHY integrand given in (3.17), namely

non—planar . 1 non—planar
T —
FEY pf  9ntl CHY
S

As in the previous case, this conjecture has been checked analytically up to seven points.
In section 6, we give an illustrative example with the computation done in detail.

It is interesting to remark that, as it is well-known, at two loops there are only three
independent holomorphic quadratic differentials, which are chosen to be ql,q2 and q3. As
it is simple to notice, for a 1PI two-loop diagram, the q. quadratic differential is related
with the external legs on the loop momentum /1, in a similar way g2 with f5 and q2
with £; 4+ 5. It would be interesting to generalize this idea to explore what the quadratic
differentials are beyond two loops.

4 Constructing CHY graphs from gluing building blocks

After finding a construction for all the building blocks up to two loops, we are ready to
glue them together to find more general examples. We conjecture the CHY graphs for all
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Figure 7. The Feynman diagram we are able to construct using building blocks. The 1PI subdia-
grams can be up to two loops.

Figure 8. One possible ordering o compatible with a Feynman diagram.

the Feynman diagrams shown in figure 7 can be constructed using the gluing rules that we
are going to illustrate in this section.’

4.1 Tree-level gluing

For the ®3 theory at tree level, the gluing procedure was previously considered in [30].
We start by reviewing this procedure in a language that will be useful in generalizing it to
higher loops. First, notice that each Feynman diagram F' has one or more compatible planar
orderings a(F), i.e., the possible orderings of particles of fitting the Feynman diagram into
a circle, as shown in figure 8. Since each trivalent vertex can be flipped, in general there
are more than one compatible orderings.

On the other hand, the corresponding CHY graph G? is four-valent: for each graph,
every node has four edges. And we define the edge set Edge(a,G) of a node a in the
graph G as:

Edge(a, G) = The set of nodes connected to a by edges in the CHY graph G. (4.1)

Notice here Edge(a,G) may have repeated elements which happens when a is connected
with another node by two edges. In order to show the dependence on the compatible

'At one and two loops (the total number) the conjecture can be verified but no so unless the CHY
measure for beyond two loops can be found.
2There are generally more than one such CHY graphs but choosing any one does not influence the result.
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Figure 9. Left: a tree-level CHY graph G. Right: a corresponding compatible ordering a(F(G)).

Gy 0.1\ ;2 (;3 ;4 G %1 gz Qs g4
a
s
a
N arar e o[ o o e
2B B Bs B 2B B B B
Figure 10. The gluing operation. Here OE(a,Gi) = {a1,a9,a3,a4} and

OE(&, G2) = {61”82763’/84}' The pairs glued are (a1751)7 (0‘25 /83)’ (0137/62) and (0(4, 54)

ordering, it is necessary to sort Edge(a,G) to define a new object that we call ordered
edge set:

OE(a, G) = Edge(a, G) sorted which preserves the ordering a(F(G)), (4.2)

where the notation F'(G) means the Feynman diagram related to the CHY graph G. To
understand the definition of OE(a,G) better, we give an example in figure 9. From the
left and right graphs, it is easy to read OE(a,G) = {1,2,4,5}. Moreover, OE(a,G) =
{1,2,5,4} is also a possible ordered edge set since {1,2,3,5,4,a} is another compatible
planar ordering o(F(G)). Since there is no a(F(G)) as {1,5,3,2,4,a}, we conclude that
OE(a,G) ={1,5,2,4} is not allowed. Although there could be many choices of OE(a,G),
we propose the gluing operations that will be defined later are equivalent up to a global sign.

Equipped with the ordered edge set, we are ready to define the gluing operation (-, -),:

(ITica 9ai) (115 9a5)

0181902830 a3 B0 sy

(Gl, Gg)a = GlGQ, o = OE(a, Gl), ﬁ = OE(CL7 GQ). (4.3)

Figure 10 gives a graphic interpretation of it. In general, there could be many ways to glue
two graphs since OE(a, G) may have more than one choice. For example, for the graphs
shown in figure 11, there are two possible choices: OE(a,G1) = {2,1,3,3}, OE(a,G2) =

{4,4,5,6}; and OE(a,G1) = {2,1, 3,3}, OE(a,G2) = {6,5,4,4}. They give different CHY
graphs but the corresponding Feynman diagram is the same, as shown in figure 12.
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Figure 11. An example of the gluing operation. We draw the CHY graphs in the first line and

the corresponding Feynman diagrams in the second.
6
5
1
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4 5 6
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Figure 12. Two equivalent CHY graphs after gluing. They correspond to the same Feynman
diagram shown on the right.

Finally, we are able to use the three-point tree-level building block, shown in figure 13,
and the gluing operation to generate any tree-level CHY graph, namely:

tree-level CHY graph = ((...(B1,B2)a, B3)p, - - - ), (4.4)
where B;’s are the three-point building blocks.

4.2 One-loop level gluing

Next let us consider how to build the CHY graph for the Feynman diagram figure 7
where the 1PI subdiagrams are up to one-loop level. Different from the tree-level case,
the definition of the ordered edge set OE(a, G) should be modified since Edge(a, G) may
contain loop momenta.

The way out is to study the partially cut Feynman diagram for a, denoted as Fi(a, F'),
which is defined in figure 14. For each loop I, one replaces the loop part with a pair [;7, 1,
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Figure 13. The tree-level building block. The left is the Feynman diagram and the right the
corresponding CHY graph.

a

Figure 14. The definition of F}(a, F'), each loop attached is replaced by a pair of loop momenta.

Thus we define the one-loop ordered edge set:
OEi(a,G) = Edge(a, G) sorted which preserves the ordering a(Fi(a, F'(G))), (4.5)

The gluing operation is similarly defined as the tree-level case:

(ITica 9ai) (I ;e 9a5)

018192830 3820 s By

(Gh GQ)a =

G1Gy, a = OEq(a,G1), B = OEq(a,Ga). (4.6)

4.3 Two-loop level gluing

Finally it is possible to generalize the gluing operation to two-loop level. Other than the
problem we meet at one loop, at two loops, an additional obstacle is that for one CHY
integrand, there could be more than one CHY graphs that contribute. For example, in
equations. (3.9) and (3.10), each q. and g2 contains two terms and the whole expansion
will yield 2¥*™ CHY graphs. And in order to figure out the right ordering in Edge(a, G),
one needs to define a few more objects.

First we define F(G) for a CHY two-loop building block G, as in figure 15. Keep in
mind that it is in general different from Feynman diagrams at two loops. For instance, for
a planar CHY graph G, a non-planar F(G) could arise which is seen from (3.9) and (3.10).

F(Q) is obtained by gluing smaller building blocks together. In this way, each CHY graph
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Qay
. Wb P iea if (wdi1)2 appears
2 B2 ,
. ] jeB if (wo?)” appears
: ley if wy,' wy” appears
Qy :Bm

Figure 15. The definition of F(G).

Figure 16. The definition of Fg(a,ﬁ‘). Each one-loop attached is replaced by a pair of loop
momenta. Each two-loop is replaced by a pair of loop momenta if the leg is attached to the side
and by two pairs of loop momenta if the leg is attached to the middle.

at two loops has one-to-one correspondence with the F (G), once the gluing operation is
determined.

The key point lies in defining the partially cut version of F(G), as a generalization
of the one-loop partially cut Feynman diagram for a, denoted as Fs(a, F). By carefully
studying examples, we propose a graphic definition of Fy(a, F ) in figure 16.

After figuring out Fg(a,l*:' ), we are able to generalize the ordered edge set and the
gluing operation to two loops:

OEz(a, G) = Edge(a, G) sorted which preserves the ordering a(F»(a, F(QG))),
(ILica Uai)(Hjeﬁ Taj)

Oa1819a2830 3820 s s

(Gl, Gz)a = G1G2, o = OEQ(G, Gl), B = OEQ(G, GQ) (4.7)

Since the definition of OEy(a,G) contains the previous one-loop and tree-level cases, we
will redefine OE(a,G) := OEs(a,G) in practice. The gluing rules will be illustrated by
examples in appendix A.
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5 A-Rules

In order to check our conjectures given in sections 3 and 4, we are going to consider some
non-trivial examples. Nevertheless, since there is no algorithm to compute CHY integrals
with four off-shell particles (two-loop computations), we will make a modification to the
A—algorithm in appendix C.2. And the most important rules are summarized in this
section.

In the CHY approach at two loops, four new punctures emerge and we denote their
coordinates, in the double cover language, and momenta as

{(Uei"aygi"‘)a (Ugl_’ygl_)’ (Ugg'ay[;")a (Uzgvy[;)} — {ﬁfa*f?agé‘,*glg} (51)
Using the A—prescription, we fix three of them {(aq Y- ) (Jgr , y[;), (0'22— Yos )} by PSL(2,C)
symmetry, and the other one {(Ué{r’yéf)} by scaling symmetry. Therefore we must know
the behavior of the scattering equation Ey, so as to apply the A—algorithm. This study is
realized in detail in appendix C and here we just summarize the results.

e oy, and o, on the same sheet.
1

Without loss of generality, let us consider the punctures, {o1,...,04,,0,+,0,-} on
1 1
the same sheet, so
1 1
—_— = Rulel. (5.2)
Ey, k19..m,
® 0, and o,+ on the same sheet.
1 2
The next case is to consider the punctures, {1, ...,0n,,0,+,0,+} on the same sheet,
1 2

where Ey, turns into
1 1

B — Tl t kit o) RuleII, (5.3)
* Oyt and o, on the same sheet.
Finally, consider the punctures {o1,... 7Unu>‘7£1+"7122—} on the same sheet. Thus we
have
1 — 1 Rule III.
Ey, —3(B4+8B3) =Ly Lo+ (01— bo) - (ky + - + kn,) + K12, -

In the three cases above, after implementing the first A-rule, the A—algorithm is performed
in its usual way. In addition, it is important to remark that all computations have been
performed when choosing the constant o = 1 which was introduced in [37].

Notation. Since all computations will be performed using the A-algorithm [44], which
is a pictorial technique, we introduce the color code given in figure 17 that will be used in
the remaining of the paper.

In addition, it is useful to introduce the following notation:

kay...am = Z ka; - kaja (5.5)

a; <aj

[a1,a9,...,am| == koy + Koy +---+ k

QAm, *
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' unfixed puncture . massive puncture fixed by PSL(2,C)
O massless puncture fixed by PSL(2,C) A massive puncture fixed by scale symmetry

........ branch cut A massless puncture fixed by scale symmetry

Figure 17. Color code for CHY graphs.
3

4 2
€2 61

5 1

Figure 18. Two-loop one-particle reducible diagram.

6 Examples in ®3 theory

In this section we give three non-trivial simple examples, in order to check our conjec-
tures and to illustrate how to use the A—Rules given in section 5 (for more details see
appendix C). We begin with a Feynman diagram with two loops separated (one-particle
reducible). To construct the corresponding CHY graph, we glue two one-loop building
blocks with the ones at tree level, using the technique that was developed in section 4.

6.1 One-particle reducible diagram

Let us consider the ®3 diagram given in figure 18. The loop integrand for it reads®
- 1
20 K2, 02 (01 — k1 — ko)2 k25 03 (b — ky — ks5)?'

Using the partial fraction identity given in (3.7) and shifting the loop momenta ¢; and /o,

IFEY (61)

the Feynman integrand becomes

1 1 1
7 = + 6.2
ey R 28k ks 65 (3 [—51 (k1 + k) + ki - (b + R2) + /ﬁz] (62)

1 1
. [—fz < (ka + ks) + kas - by (kg + ks) + k?45] '
On the other hand, following the method developed in section 3 and 4, we can write the
CHY integrand corresponding to the Feynman diagram represented in figure 18. The gluing
process for this Feynman diagram is performed in detail in appendix A.1 and the result is
the CHY integrand given by the expression

1 _
Ieny = M/dMQ 1P Ty, (6.3)
1 *2

1 wiwld w3w?
Icuy = — — — 172 o wdw? x 2455
(6,03, 6y 00) (6, 00) (65, 65) [ (12) = 7272 7 (45)

In addition, the graphic representation of Icpy can be seen in figure 19.

3Note that the 2* factor comes from the propagator Sqp := (ko + kb)2 = 2ko - ky = 2kap.
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Figure 19. CHY graphs at two loops (one-particle reducible).
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z‘ﬂ
N
Ry
+
_:\
X
|
M‘\
<
N

L [3, 4, 5] L

| 4, 5] |

Figure 20. All possible cuts allowed for a CHY graph at two loops.

In order to compute [ dp?19°P Iy, we are going to apply the A—algorithm. From this
algorithm, it is simple to note that in figure 19 there are only two allowable configurations
(cuts)* on the CHY graph, which are given in figure 20.

Using the Rule I found in (C.16), we obtain two CHY subgraphs for each cut, as
it is shown in figure 20. These subgraphs can be easily computed applying the standard
A—algorithm [44]. Therefore, all the non-zero configurations allowed in figure 20 have the

4For more details about allowable configuration see [44].
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6, ¢,

FEY
planar

Figure 21. Two-loop 1PI planar Feynman diagram.

following result

1 1 [ 1 1

1) = X X + 6.4
( ) k‘%Q kys ks - (k‘l + k‘z) _51 . (k‘1 + /{72) + k1o —f1 - (k?l + k‘z) + k12 | ( )
- ) . :
X + R
_fg . (k4 + k5) + kus —fy - (k4 + I€5) + k45_
@=Lt ] ! + ! | 65
k2. k1o~ ks (ka+ks) [l (k1 + ko) +kia —l1- (ki + ko) + ka2 '
- ) . :
X + .
| lo - (kg +ks5) + kas Lo~ (kg + ks5) + ks |
Clearly, adding (6.4) with (6.5) leads to the agreement with ZSpy, i.e.
Icny 1
- X [(1) + (2)] = Tewy| - (6.6)
26 26 g% g% Péf

This computation has also been verified numerically.

6.2 One-particle irreducible diagram

In this section we consider two one-particle irreducible (1PI) diagrams, for planar and
nonplanar cases.

6.2.1 Four-particle planar diagram

Let us consider the simple Feynman diagram given in figure 21. From this diagram it is
simple to read the loop integrand:

1
Iplanar _ )
FEY 702 02 02 koo kg (01 + €)% (01 — k1 — ko)2 (b2 — k3 — kq)?

(6.7)

After using the partial fraction identity for the factors®

1 1
X M
5% (61 — /{21 — /{32)2 EQ (fg — k3 — k4)2

®Recall that the loop integral measure and the integration contour are invariant under translation.
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Figure 22. CHY graph for planar two-loop Feynman diagram.

and shifting the loop momenta {¢1, ¢2} to obtain the global factor it is straightforward

1
2R

to check that the Feynman integrand in (6.7) becomes

1 1
l—planar _
FEY ps'f 24 f%ﬂ%kuk% (51 + 52)2 (—El . (kl + kz) + k:lg) (—52 . (k3 + ki4) + k34)

1 51 — _El
+ + :
(01 + lo + k1 + k2)? (01 - (k1 + k2) + ki2) (Lo - (k3 + k4) + k34) <f2 — 52)]
(6.8)

In order to find the CHY integrand which corresponds to the Feynman diagram in
figure 21, we should consider the planar building block given in section 3.2 and the gluing
technique developed in section 4. In appendix A.2, we will apply the gluing process, and
the CHY integrand obtained to reproduce the Feynman diagram result is

1
1 2—1 1
TE = g [ e TR (©9)

Iplanar __ .planar |:w% (w% B w%) (w?% - w% )WE

CHY = E D)

Clearly, the Iglgr;?r integrand is a linear combination of four CHY graphs drawn in figure 22.

We are going to show that by applying the A—algorithm on each of the CHY graphs

given in figure 22 to compute [ du?~'°°P Iglgfr and combining them to get I(%I){Y —I(C{Ifgg) —

I&gﬁ) + 28?2%,{3,4})7 we will be able to reproduce the Feynman integrand in (6.8).

From the A—algorithm [44], it is simple to see that there are only four non-zero cuts
for each CHY graph in figure 22. Those non-zero cuts are sketched in figure 23. The

configurations {I(%I){Y [2%], ((ﬁ%) [27F], (C;EI;E) [27F], (%% I 4})[2i]} are easily computed using
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Figure 23. All possible non-zero cuts.

the Rule IT in (C.20) and the standard A—algorithm. The result is simply

Ty " 1271 = Zigiop 271 = Zsay) [27] + Z(a) aap 271
1 1

= , 6.10
k12 k34 %(51 + 0o+ k1 + k2)2 (51 . (kl + kz) + klg) (—52 . (kg + k4) + k34) ( )

Ty 271 = Zion 271 = Zgay 271 + Ty qaap) 2]
! . (6.11)

- k1o ksa 5 (01 + b — k1 — ko)? (=01 - (k1 + ko) 4+ k12) (2 - (k3 + ka) + k3a)

CHSn the other hand, the configurations, {I(%?Y[li], I((?{If;i)[li], I&gﬁ)[li],
A

({12} {34})[1i]}, must be carefully computed. Let us consider the {I(C()I){Y[lﬂ, I(%Il{gg)[lﬂ,
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_ SINGULAR CUT _
1

CHY
Tiapl1™]

4
CHY,
Lo 1171

2
(¢,+¢) }

2
(6,+6,)

CHY
Laml1™]

CHY +
I((12), {3 4))[1 ]

2
(¢,+¢) }

Figure 24. Possibles singular cuts (by momentum conservation).

I(C{I;E)[lﬂ, I(C{If;;{w})[lﬂ} cuts. After using the Rule IT, the CHY subgraphs obtained
are singular by momentum conservation, as it is shown in figure 24. From the double
cover point of view, this singularity means that when four of the six branch points of a
hyperelliptic curve of genus 2 collapse at a point, the Riemann surface becomes degenerate

as if the two A-cycles were pinched at a point. This kind of singularity must cancel out.

In addition, it is also clear that the singular cuts from I(%I){Y[IJF] and I((;{If;g {34})[1+]
are exactly the same as the ones obtained from® I&If;g)[lﬂ and I(C{I;g)[lﬂ, as it can be

seen in figure 22. Therefore, considering the linear combination in figure 22, the singularity
cancels out, as it was required.

S5 All singular cuts have the same contribution.
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Figure 25. Four-particle non-planar Feynman diagram at two loops.

Consequently, we can finally write the contributions from the cuts [11] and [17] as

Ty ¥ 1] = Z(aay) 1] = T (1] + () gaay 1]
1 1
- 1 ; (6.12)
ki k3q 5(01 4 £2)% (01 - (k1 + k2) + k12) (—Ll2 - (k3 + ka) + K34)
Ty 1171 = oy 1] = Z(sa (7] + () gaay) 1]
1 1
(6.13)

" ko ksa 1000+ £2)2 (01 - (ki + ko) + k1) (6o - (ks + Ka) + ksa)”

Summing the contributions from (6.10), (6.11), (6.12) and (6.13), it is straightforward to
check that the CHY integrand in (6.9) is in exact agreement with the Feynman integrand
found in (6.8), i.e.

lanar CHY _ #CHY _ CHY CHY
oy _ Ty ~Zazy — Zasan T L0230 _ pplanar (6.14)

5 - 5 92 p2 FEY £
2 25 (202 v,

6.2.2 Four-particle non-planar diagram

In this section we consider a non-planar Feynman diagram at two loops. In order to give
a simple but non-trivial example we focus on the diagram given in figure 25. From this
diagram one can easily read off its Feynman integrand, which is

gRon —planar __ 1

FEY 20302 ko (01 + £2)2 (01 + Lo + k)2 (6 — k1 — k2)2 (b2 — k3)?'

(6.15)

Using the partial fraction identity in the factors”

1 1
Pl —ky — k)2 B (ls— k3)?

and shifting the loop momenta {¢1, {2} to obtain the global factor @, one can check that
the Feynman integrand in (6.7) becomes
I;g;;planar = 1 1
vl 23 ko 0203 | (01 + 02)% (01 + bo + ka)? (=01 - (k1 + k2) + k12) (—a - k3)

1 €1 — —51
+(£1+€2+/€1+k2)2(£1 +lo+ki+ko+kg)2(C1 - (k1+ko)+kia)(—La - k3) * (52 — —€2>] '
(6.16)

"Let us recall the loop integration measure and its integration contour are invariants under these trans-
formations.
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CHY
I((TZ}- {31

Figure 26.

5 52" 153 54

Figure 27. All possible non-zero cuts (up to transformation ¢; <> —¢; and ¢y <> —/{3) for I(%I){Y.

From the building block given in section 3 for the non-planar case and the gluing technique
developed in section 4, the CHY integrand corresponds to the Feynman integrand in (6.16)
should be®

1
non—planar __ 2—loop ynon—planar
Tony =22 / dp oy ) (6.17)
1 %2
1/,,1 2
Inon—planar _ snon—planar Wi (w2 — w2) > 3 % 2
CHY - 7(12) ds4 X 93] -

Clearly, the Iy planar i teorand is a linear combination of four CHY graphs, as it is shown

in figure 26.

By applying the A—algorithm to compute [ dp2~1oop Ig‘ﬁl\f planar, it is clear that there
are just eight non-zero cuts for each CHY graph given in figure 26. In figure 27, for the
graph I(CO?Y, we have drawn four of the eight possible non-zero cuts. Nevertheless, as it
is simple to notice, the others four cuts, namely {[17],[27],[37],[47]}, can be obtained by
the transformation ¢1 <> —/1, {5 <> —f5>. In addition, the cuts for the other CHY graphs,

{I(C{E%), (C{I;fg , 8{11{2% {3})}, are exactly the same as ones given for I(%?Y.

As it was explained in section 6.2.1, the singular cut is canceled out and we do not
need to consider it. Therefore, using the A—algorithm and the rules found in section C.2,

8For more details about the gluing process, see the examples in appendix A.
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it is straightforward to compute each cut, which gives the results:

Ty 171 = Ziop 1] = Z(p 1] + Tgiay s (1] (6.18)
1 1
kg 30+ 02)2 (- (B1 + ko) + Fi2) (—l2 - k) (ka - (6 + £2))

oy 1271 = T 27 — TN 2T + T ) 27 (6.19)
1 1

T k2 2(C1+ Lo+ ky + k)2 (6 (k1 + ko) + kio) (o ks)(ka - (61 + o+ Ky + k)

Ty 3%1 = Iy 311 = Ty B + Tz s 3] (6.20)

1 1
ki 30+ Lo+ k)2 (1 - (k4 E2) + kg) (<L - K3)(—ka - (61 + £o))’

Ty [47] = T 47 — TN AT + T sy (471 (6.21)
1 1
ki 5(0 o+ + ke + )2 (G- (R + k) 4 ki) (—lo - ks)(—ka - (G4 Lo+ ki + k)

Let us recall that to obtain the result for the other four cuts, one just makes the transfor-
mation, ¢1 <> —/; and {3 <> —¢3. Summing over all contributions given in (6.18), (6.19),
(6.20), (6.21) and the other four cuts obtained by, ¢; <> —¢; and {3 <> —/{2, it is straight-
forward to check

non—planar CHY CHY CHY CHY
Ton ™™™ _ 2o~ Tiey ~ s T 02080 _ gnon—planar 6.22)
24 24 62 52 - “FEY p.f° .
1*+2 S

In this section we have computed explicitly some non-trivial examples and verified
our conjecture given in section 3, with the help of the new two-loop A rules. We have
also verified more complicated examples up to seven external particles at two loops. In
addition, it is useful to remember that all computations were checked numerically.

7 Conclusions

In this work we have introduced a way of computing the CHY integrands corresponding
to given Feynman diagrams up to two loops. Starting from the holomorphic forms on the
Riemann surfaces, we have defined appropriate quadratic differentials that serve as building
blocks for constructing the CHY integrands. Together with the gluing rules, they allow for
the reconstruction of arbitrary Feynman diagrams in the CHY language.

We have used the two-loop scattering equations defined in [37] to generalize the A-
algorithm [44, 45] to two loops. This prescription allows for easy computation of the CHY
integrals using graphical rules. We have demonstrated on several examples the usefulness
of this algorithm in explicit computations of CHY integrands.
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Importantly, all the integrands defined in this work are free of the poles of the form
1/0;+;-. Because of this, all classes of solutions, i.e., the degenerate and non-degenerate
ones [35, 37-39], give finite contributions and there is no need for different treatment of
different solutions. Hence, these CHY integrals can be simply evaluated using the other
methods or numerically. Nevertheless, in this work we have utilized the A—algorithm to
make the calculations even simpler.

As always, there is a question of generalizing to higher-loop orders. We hope that
the procedure of defining the holomorphic and quadratic differentials, together with the
physical constraints of the factorization channels, described in sections 2 and 3 can pave a
new way for generalizing the CHY approach to higher loops. We leave the analysis of the
three-loop case as a future research direction.

For now, we have focused on studying the structure of factorizations and scattering
equations, for which the ®3 theory is a perfect playground. Once these properties are well-
understood, an interest would lie in generalizing this approach to other theories. The first
theory to consider would be the bi-adjoint scalar [5], which shares the greatest similarity
with ®3 theory while there is no symmetrization of particles. After the bi-adjoint scalar
theory is settled, one future direction would be to express more complicated amplitudes
such as Yang-Mills and Einstein gravity into a basis of the bi-adjoint scalars, along the lines
of [48, 49]. Tt would also be interesting to start from our two-loop ®3 theory answers and
to generalize the results of [35, 38] which show that at one loop one can define compact
expression for the CHY integrands for the bi-adjoint, Yang-Mills and Einstein gravity
theories that preserve the double copy structure [36].

In particular, an exciting approach of Cachazo, He, and Yuan [38] treats one-loop
amplitudes in four-dimensions as a dimensional reduction of the five-dimensional tree-level
amplitude. It would be interesting to see whether a similar procedure can be followed in
the two-loop case, this time reducing from six-dimensional amplitudes. In conjunction with
the ambitwistor approach [35, 37], it could be useful in deriving compact expression for
two-loop CHY integrands.

Finally, we would like to comment on the choice of building blocks we have used.
Namely, at two loops two skeleton functions make appearance, depending on planarity of
the diagram we wish to reproduce:

1 non—planar 1

= — —— and s = —. (7.1)
(ef’€;a£27€1)(€2+7£;ra62761) (€T7€2+7£2’£1)2

splanar

However, in principle other PSL(2,C) combinations could have entered. What singles
out these two? We would like to understand the constraints, coming from factorization
properties, placed on this choice in the future work.

Similarly, other combinations of the quadratic differentials could have been used. Let
us briefly consider one choice,

Ao 1= (wq — wg) (wa — wg)
= W (wa — wg) + wi(wg — wg)

=q, + (7.2)
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Figure 28. Gluing process for the Feynman diagram in figure 18.

Hence, this object sums over two possibilities of attaching the external leg with label a to
both left and right loops. It strongly suggests that this quadratic differential should appear
in constructing the CHY representation of the full loop integrand for ®3 theory, as a sum
over all possible Feynman diagrams. We leave this as a future research direction.
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A Gluing loop CHY integrands

In this appendix we perform the gluing procedure developed in section 4 for the examples
given in section 6.1 and 6.2.1 in an explicit way.

A.1 Gluing of one-loop building block

In this section we build the CHY integrand corresponding to the Feynman diagram given
in figure 18 from the one-loop building block. The idea is to cut the Feynman digram,
as it is shown in figure 28, and to glue the building blocks following the rules obtained in
section 4.

Clearly, there are three tree-level building blocks given by

1
Iy (a) = ———— Al
CHY(a) (0_45 O5a Ua4)2 ) ( )
1
e (ple) = ———— A2
CHY( ’C) (USb Tbe 053)2 9 ( )
ree 1
Iy (d) = (A.3)

(012024 041)%’
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and two one-loop building blocks

ne—1 1 212/ 2
I%I;Y Oop(a|b) = (O’ e )2 [(wa) (wb)Z]
Gl O 0
1 1
= (g4 Op-g3)° ’ (A.4)
2o (Uaeg Uz;e;"e;a)z (Ube; Ue;e;”e;b)Q
1
-1
Iy o (cld) = 5 [(we)*(wq)?]
(Uelz; Uz;zl)
1 1
= (O’e+€_ O-f_é+)2 . (A5)
N Uzjz;%;c)2 (040t Uzie;%;d)Q

In the brackets of (A.4) and (A.5), one can see two three-point tree-level CHY inte-
grands, which are represented by the dotted red lines in figure 28. Now, we are ready
to perform the gluing procedure that should be carried out graph by graph. Using the
rules found in section 4 while taking advantage of OE(a,Z&% (a)) = {4,4,5,5} and
OE(a,IgI;f;lOOp(a]b)) = {5, 05,055}, one obtains

LG " (6) = (L5 (), T (alb))

_ [wz? wi 1 )2] , (A.6)

(4,5) (o4t Ot 00ry

X

where we have used the definition given in (3.4). In analogy, from OE(d,Z&5 (d)) =
{1,1,2,2} and OE(d,Zg?{e;lOOp(c\d)) = {01, 07, 0], ]} we can glue (A.3) with (A.5),

loop—tree ree one—loo
ICH% ' (c) == ( tCHY(d)a Ieny p(c\d)>d

_ [( L . “’5] . (A7)

2
Ourt O =04=.)"  (1,2)

The next step is to glue (A.2) with (A.6) by using OE(b, ZE5, (blc)) = {3,3, ¢, ¢} as well as
OR(b Iy "“(alb) = {€5. 65,43 63}, so

TG () = (18 (ble), IG5 ™))

_ 1 , wz w% » wg ' (A8)
(Jz;e;) (4,5) (ch;‘ Tepy Oc3 O3c)

Finally, gluing (A.7) and (A.9) after choosing the ordered edge sets OE(c, Zay "*(c)) =
{e7,07,6F, ¢} and OE(e, Igﬁ%_treeQ (¢)) = {3,3,45, 05} we obtain

Ty 1= (5% (0), 157%™ (0)).

1 2 .2 1,1
= 5 5 X [w4 Y5 waws X Y1921 (A.9)
(O ) o) Orteg) (ure;)
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Figure 29. Gluing process for the Feynman diagram in figure 21.

A.2 Gluing of two-loop planar building block

After showing how to glue one-loop CHY building block from gluing operation defined
in section 4, we are going to show a two-loop 1PI case by building the CHY integrand
which should correspond to the two-loop planar Feynman diagram given in figure 21 as an
example. By cutting the Feynman digram, as it is shown in figure 29, one could find two
building blocks at tree level, given by

1

I8 (0) = —— A.10
CHY( ) (0_34 Oia Ua3)2 ( )
1
iy (b) = ———3 Al
CHY( ) (012 o Ub1>2 ( )
and another building block at two loops
Iemy " (alb) = P [(wl — wp)waws (wh — wi)]
= PR [(w])? (w)? — wawi (wp)? — (W) wywf +wawiwpwi] . (A12)

Notice here the main difference is that we need to separate Zglgl\l,ar(aw) into smaller pieces in

order to implement our gluing operation in section 4.3. However, the prodecures are quite
similar: we use the rules shown in figure 15 and 16 to obtain the ordered edge sets OE(a, G).
For example, in (A.12) the term with wlw?wiw? has OE(a,Igll‘:}gar(a]b)) = {0, 07,05, 65}
After figuring out all the ordered edge sets we glue term by term following the rules in
figure 10. Gluing the CHY building blocks in (A.10) and (A.12), we obtain

2R (6) o= (18 (a) IR (@) )

2,1y, 2
_ Splanar x [W X W;(wl} — (,ug):| . (Alg)

And gluing the tree-level building block in (A.11) with the CHY integrand found in (A.13)

one gets the answer

I = (IR0, 1 (1),

— Splanar % (CU% — w?{)wi w% (CU% — w%) (A 14)
(3,4) (1,2) ’ '

which is the CHY integrand computed in section 6.2.1.
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B Tree-level scattering equations

So far, we have worked with the original embedding proposed by Cachazo, He and Yuan
(CHY) in [2-4], namely the marked points {o;} on a Riemann sphere with a single cover.
Nevertheless, in order to perform analytical computations, it is well-known that the A-
prescription is a powerful tool. Hence, in this appendix we summarize the results of [44—46],
which are used in the calculation of the examples in section 6.

B.1 A-prescription

In [44], a prescription for the computation of scattering amplitudes at tree level into the

CHY framework was proposed by means of a double cover approach. The n—particle

amplitude is given by the expression®

An(1,2,...,n)

1 dA L Yo dyg nl do; L.(0,y)
L)) oot

t
i=4 1 n

where the I'' integration contour is defined by the 2n — 3 equations
A=0, Coi=y2—(02-A>)=0, a=1,...,n,

1 k- ks
Ej=2) —+2
v QZ Uij
Jj=1

JF#i

(yj—l—1> =0, i=4,5...,n—1, with oy :==0; —0;. (B.2)
Yi

The {E! = 0} corresponds to the tree-level scattering equations and the {C, = 0} con-
straints define the double covered sphere.
The Faddeev-Popov determinants, |1,2, 3| and App(123n), are given by the expressions

R yi(or+y1) wyi(or —y1)
[1.2.3[= f5|v2 we2(o2+y2) waloz—u2) | (B.3)
ys y3(os+y3) ys(oz —ys3)
Y1 y1(01+y1) y1(01—y1) o1
1 o9 + o9 — o
Arp(123n) = 55 | 2 va(02+92) 92(02=92) 02 (B.4)
y3 ys(o3+y3) ys(og—y3) o3
ya ya(oa+ys) ya(oa —ya) o4

The I,(o,y) is the integrand which defines the theory and is a rational function in
terms of chains. For the sake of completeness let us remind that we define a k-chain as a
sequence of k-objects [19], in this case a k-chain is read as

Ti1:igTigtiz ©* 'Tikfltik'r’iki’h = (7’1 : ?:2 ceeed Zk)? (B5)

SWithout loss of generality, we have fixed the {01,02,03,0,} punctures and the {F1, E2, F3} scattering
equations.
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Figure 30. The 7Z5(1,2,3,4,5) regular graph.

where the 7,.;’s are the third-kind forms

1 <ya+yb+0ab)
Ta:b - .

= B.
2Yq Oab ( 6)

After integration over the moduli parameter A, the 7,5 becomes the more familiar 1/z4
over the sphere.!” Note that the chains have a maximum length, which is the total number
of particles n.

B.1.1 CHY tree-level graph

Let us recall here that each I,,(o,y) integrand has a regular graph'!' (bijective map) associ-
ated, which we denoted by G = (Vg, E¢) [19, 50, 51]. The vertex set of G is given by the
n-labels (punctures)

Vo=A{1,2,...,n},

and the edges are given by the lines and anti-lines:

Tab <> 6 ———— b (line) (B.7)

T4 4 a— — — —b (anti— line). (B.8)
Since 7,., always appears into a chain, the graph is not a directed graph, in the same way
as in [19]. For example, let us consider the integrand

(1:5:2:4)(3:4:2:5)x(1:4:2:5)(3:5:2:4)

I5(1,2,3,4,5) = a5

. (BY)

This integrand is represented by the G graph in figure 30.
Note that for each vertex the number of lines minus anti-lines must always be 4,

# lines — # antilines = 4,

which is a consequence of the PSL(2,C) symmetry.

10T this note we will focus on computations over the punctured sphere only, and hence the integrands
and other quantities will be given in terms of the usual z4 only.
1A G graph is defined by the two finite sets, V and E. V is the vertex set and F is the edge set.
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C A-scattering equations at two loops

In a similar way as on a torus, a double torus can be represented as a double cover of
a sphere with three branch cuts, i.e. an hyperelliptic curve in CP?. After collapsing two
of three branch cuts, four new massive particles arise with momentum {¢}, —¢}', 05, —04},
respectively, and it should give a CHY graph as in figure 19. This process will not be
discussed here, but we will explain later how to obtain some of these graphs. Finally,
the third branch cut is used to perform the A—algorithm on this graph. In this section
we focus on the A—scattering equations and our starting point is the scattering equations
given in [37].

In [44], it is simple to notice that the map from the original scattering equations [2—4]
to the A—scattering equations (see (B.2)) is given by the replacement

1 1 ;
—_— — (%—’_1)’ with yl%:UI%_A27 i,Jj,k=12...,n (Cl)
Oij 204 \Yi

Following this idea and from the two-loop scattering equations in [37], we propose the
A—scattering equations at two loops as

B=Y ki - ]‘fj (yj I 1> n ki - knt (yn—i-l . 1) . ki - knyo <yn+2 n 1> (C.2)

= 20y \Yi 20i(nt1) \ Ui 20int2) \ Yi
i
n ki - knys <Z/n+3 n 1) 4 ki knya (yn+4 n 1) ,

20i(m+3) \ Yi 20i(m+a) \ Ui

Eni :zn: kn+1 - kj ( Yj + 1) + Knt1 - knys + %(kiﬂ + k?a%+3) <yn+3 i 1)
! j=1 20(n+1)j \Yn+1 20(n41)(n+3) Yn+1

i knt1 - knya — %(k}%-s-l + k721+4) <?/n+4 i 1>
20(mt1)(nta) Yn+1 ’

E 9 1= Zn: kn+2 ) k] ( y] 4 1> + kn+2 ’ kn+3 - %(k721+2 + k%-ﬁ-:’)) (yTLJrS + 1)
" j=1 20(nt2)j \Yn+2 20(n+2)(n+3) Yn+2

2 2
N knio - kpia+ %(kn+2 + kn+4) <yn+4 " 1) —0,
20(n42)(n+a) Yn+2

B s ':i kinis - k; ( i 1) L Ky g + Sk +kiiy) <yn+1 N 1)
" =1 20(n+3)j Yn+3 20(n+3)(n+1) Yn+3

N knis - knpo — $(k2 s+ k2 o) <yn+2 n 1>
20(m43)(nt2) Yn+3 7

E,i4 -:zn: kn+a - kj ( Ys + 1> + Knta - kny1 — %(k?ﬁ-ll + ]@21+1) (yn—i-l I 1>
" j=1 20(n+a)j \Yn+4 20(n44)(n+1) Yn+4

. knta - knyo + §(ko g + Ko o) (yn+2 . 1)
20 (n+4)(n+2) Yn+4 ’
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where, without loss of generality, we choose'> a = 1. These scattering equations are
supported on the curves, y124 = ai — A%, A=1,...,n+4, and we have defined
(k1 Koy Klggs g b ={00, =00, 6y, — 4},
{o(nt1), O (n12), O (m13), O (mray t =100, 001,005, 04, }, (C.3)

{yn—i—b Yn+2, Yn+3, yn+4} 3:{941 Yy Y—015Yloyy Y—to }

It is straightforward to check that the set {E;, Eny1, Ento, Ents, Enya} satisfies

n+4 n+4 nt4
Y yaBa=0, Y (0a+ya)yaBa=0, Y (0a—ya)yaEa=0, (C4)
A=1 A=1 A=1

on the support of the momentum conservation, > ; k; = 0. Therefore, these scattering
equations are invariants under the operation of the global vectors

n+4 n+4

1
Lo = Z YA aUA’ Ly = Z K(UA + yA)yA acrm y,24 = 031 - AQa (0'5)
A=1 A=1

which are the generators of the PSL(2,C) symmetry.

C.1 Prescription

The prescription to compute scattering amplitudes is totally analogous to the one given
in (B.1). In a similar way as in [37], we propose the scattering amplitude prescription at
two loops by the expression

ATTOP(1,2,... n) = R AP, .o nln+1L,n+2n+3,n+4), (C.6)
1 2
where
AXloop(1 nln+1,n+2/n+3,n+4) (C.7)
1 dAN [y dya " do;
[ - 2 3 4
5 F<A><AH_1 Ca X I:IEZ X n+2,n+3,n+4|
= =1
In+4(0ay)

X App(n+1,n+2,n+3,n+4) x
En+l

The integral over ¢/ and ¢4 in (C.6) is invariant under shifting of these variables, but in
this paper we will not concentrate on this integral or its convergence. The I' integration
contour is defined by the 2n + 5 equations

A=0, Cp:=94—-(c5-A)=0, A=1,...,n+4,

1n+4k"'k,4 m
E<:7 v <+1>:0, 7::17"'7”7 C8
‘ 2; OiA Yi ©s
Ai

12For more details about o parameter see [37].
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the Faddeev-Popov determinants, |n + 2,n + 3,n + 4] and App(n+ 1,n+2,n+ 3,n +4)
are the same as in (B.3) and (B.4) and the Z,,14(0,y) is the integrand as in (B.1).

Note that, without loss of generality, we have fixed the punctures, {oy11,0n+2, 0nt3,
on+4}, and the scattering equations, {Ept2, Ent3, Enta} corresponding to the off-shell
particles. It was done in order to avoid handling these massive particles and clearly the
prescription in (C.7), together with its integration contour I' in (C.8), is totally identical
to the one given in (B.1), up to the factors 1/E,+1 and 1/E! respectively.

C.2 The A-algorithm at two loops

As it was noted previously, the only difference among the prescriptions given in (B.1)
and (C.7) is the term

n
kni1-kj [ y;
Enp1 = Ey = +1)+
n 1 ; 20(n+1)j Yn+1

kn+1 - kngs + 3 (kp iy + kais) <yn+3 . 1)
20(m41)(n+3) Yn+1

1

. knt1 - knya — 5(ki oy + Ko yy) <yn+4 . 1) 7 (C.9)

20(n41)(n+4) Yn+1

instead of the traditional one

1SR kg - ka [ ya
E'., == nt < + 1) . C.10
KR Az::l O(nt1)A \Yn+1 (C.10)

A#n+1

In the original version of the A—algorithm given in [44], after performing the integration
over A in (B.1), the factor 1/E! becomes the propagator

-1
n

1 1 kn : kj <yj > 1
= |= = +1 _— — C.11
E}L 2 ; Onj Yn k34-~nun ( )
J#n A=0
where we have considered that the puntures {o3,04,...,04,,0,} are on the same

branch cut.

As a result, in order to develop the A—algorithm at two loops, the key point that we
must figure out is to know the behaviour of the factor, 1/E, 41, when A = 0. From the
gauge fixing {op+1,0n+2, 0043, 0044} = {00,,0_0,,00,,0_¢,}, we have three permissable
configurations:

e 0y, and o_y, on the same branch cut (upper).
Without loss of generality, let us consider the punctures, {o1,...,0n,,00,0_¢ } on

the upper sheet, i.e. y; = y/o? — A2, i € {1,...,ny,¢1,—(1}, and the rest on the
lower sheet, specifically y; = —y/0? — A2, i € {n, +1,...,n,l2,—¢>}. In this case,
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E,, becomes

E 1‘ = Ey
n—+ A=0 1

- H’ﬁj(%’ > - fl'k‘j<—ffj )
A=0 . 20’@1]' oy, ._Z 20£1j (o
-0 L2402y /- —ly by — L2402 /=
USRS (G 2)< %+1>+ 10 2(1+2)< “—€2+1) (C.12)
2000,

20317—52
Lz upper
O -k Ly k)PP
1 ]+ 1 0

, Where k:gpper =kn,+1+ -+ kpn, and o9 = 0.

PRy 0y, — 00

Using the scattering equations on the upper sheet, namely

o ki - kj LS (—¢1) L ke PPt

A=0 * Oij Oty O4,—01 0; — 00

i#i

it is straightforward to verify the following identity

(0'41 — UO)(Uh - 0—31)

Ny
oi —o9)(o; —o_
~ (04, —00) (60—, — 00)
Therefore, on the support of the upper scattering equations E; = 0,7 = 1,...,ny,

the factor 1/Ey, is read as

1
Ey,

LI (% "“‘“) . (C.15)

A=0 k12~-~nu oy

In order to obtain the correct Faddeev-Popov determinant, as well on the upper as on
the lower sheet [44], the term (Ulﬁ:f%el should be combined with the A—expanssion

of | =01, 0o, —lo| x App (41, —{1, la, —K;). Finally, we have achieved to the following rule

1 1

— = , Rulel, C.16

Ey, k12..n,, (C16)
where {o1,...,0n,,00,,0_¢,} are on the same branch cut. After this rule, the

A—algorithm can be performed in its usual way.

It is important to remark that the punctures {oy,,0_¢, }, or {os,,0_¢,}, cannot be
alone on the same branch cut, as it was discussed in [46]. One can note that besides
to this issue there is another one when the puntures, {oy,,0_¢,,0;} with kf =0, are
solely on the same branch cut. In this case, one should regularize the momentum
conservation constraint and after checking that in fact this configuration vanishes.
We will give an example of this subject.

o¢, and oy, on the same branch cut (upper).
Let us consider the punctures {o1,...,0n,,0¢,00,} on the same sheet, for instance
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the upper sheet. In this case, E,, turns into

LR "oy
En+]_‘ :Eg = 7] <]+1) + ( +1
A=0 Hla=o ]Z; 2005 \ogy j%:—i—l 200 \ og

00 03+ 03 by — L2 402
L 2+ 3(03 + )<%+1>+ 10y — (0] + < O'g2+1> (©17)
2006, a6 200,—t or,
Ny gl‘kj+€1‘€2+%(€%+£%)+£1‘(knu+1+ _|_k)_€1 fz §€2+€2)

0—51]' 0—5182 0-@1 — 00

j=1
where og = 0.

Using the scattering equations on the upper sheet, namely

N kioky o kil kioly Ky kPP
=Y - 74 1y L 0 i=1,...,n4 (C.18)
]

oty Oy, 0i—00
where ky™P" = Ky, 11+ -+ kn+ (—1) + (—£2), one can verify the following identity

(o0, — 00) (00, — 00,)
(0-42 - JO)

i (0i — 00)(0i — 04,)

E; +
(052 - UU) ’

Ey,
i=1

1
= 5(6% F03) by by (b4 0o) - (ky 4+ kpy) + E12.m,,

1
= §<€1+€2+/€1+~--kn)2. (C.19)

Thus, on the support of the upper scattering equations, F; = 0,1 = 1,...,n,, we
obtain the second rule

R 1

Ey, 3O+ Lo+ ky - k)Y

RulelIl, (C.20)

and after this rule, the A—algorithm can be performed in its usual way.

e 0y, and o_y, on the same branch cut (upper).
Following the same procedures described previously to get the Rules I and II,
n (C.16) and (C.20), it is straightforward to achieve the third rule

1 1
— =
By, _%(6% + K%) =l -l + (61 - EQ) : (kl + -+ knu) + k12..n,

: Rule ITT,
(C.21)

where we have used the support of the scattering equations
Ny
Z ki - k; n ki - 01 4 ki - (—42) n ki - ko

Oij Oiy Oi,—ty 0; — 00

J#i
with kgpper = knu+1 4+t ky + (—51) + 49 and og = 0.
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