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1 Introduction

Among the recent developments that apply on-shell methods to the calculation of ampli-
tudes, following Witten’s work in 2003 [1], the proposal by Cachazo-He-Yuan (CHY) [2, 3]
offers some advantages. The CHY formalism applies to several dimensions and also to a
large array of theories [4-7], that go even beyond field theory [8-12]. The formalism is
based on the scattering equations (at tree-level)

ko - k
Ea::Z = b:(), Oap:=0q—0p, a=1,2,...,n, (1.1)
Oab
b#a
with the o,’s denoting the local coordinates on the moduli space of n-punctured Riemann
spheres and k2 = 0. To obtain the tree-level S-matrix we have to perform a contour integral
localized over solutions of these equations, i.e.

tree

A, = [ dptee I80Y (o), (1.2)
T



where the integration measure, du*®®, is given by
dptree = [[o—y doa (Ugajkaki) : (1.3)
Vol (PSL(2,C)) Hb#,j,k Ey
and the contour I' is defined by the n — 3 independent scattering equations
Ey,=0, b#1,j,k. (1.4)

A different integrand, ISEQY, describes a different theory. In the study of the scattering
equations at tree-level and the development of techniques for integration, many approaches
have been formulated [4, 13-36]. In particular, the method of integration that we use in
the calculations for the present paper was developed by one of the authors in [37], which
is called the A-algorithm.

The following step for the CHY formalism is going to loop corrections. A prescription
that allows to go to higher genus Riemann surfaces was developed in [38-42], which is called
the ambitwistor and pure spinor ambitwistor string theory. Another alternative approach
employing an elliptic curve was proposed in [43, 44] by one of the authors. Additionally,
in [45-47] they took an approach from tree-level, by introducing the forward limit with two
additional massive particles that played the role of the loop momenta.

The premise for the previously mentioned prescriptions at one-loop, is that from the
CHY formalism a new representation for the Feynman propagators arise, the so called
linear propagators, which look like (2¢- K + K?2)~! [41, 48]. Many interesting developments
in one-loop integrands identities (like the Kleiss-Kuijf (KK) identities [49]) and dualities
(e.g. the Bern-Carrasco-Johansson (BCJ) color-kinematics duality [50]) have been found
from the CHY approach, suported over the tree-level scattering equations with two extra
massive particles [51-53].

The linear propagators approach still leaves several open questions. First, there is no
direct way to relate some of the results with the ones from traditional field theory, like the
BCJ numerators for example. Another question is about direct loop integration, and to see
if it is more efficient to compute these new integrals that appear, in comparison with many
well known and long time developed integration techniques for the traditional Feynman
propagators.

Currently, we are developing a program to obtain the traditional quadratic Feynman
propagators, (¢ + K)~2, directly from the CHY. The first proposal came by one of the au-
thors in [54] for the ®3 scalar theory. Following, two of the current authors in [55] presented
a reformulation for the one-loop Parke-Taylor factors that gives quadratic propagators, but
it was just made for leading (or planar) contributions. These new Parke-Taylor factors were
successfully tested in the massless bi-adjoint ®3 theory.

The proposal to obtain the traditional quadratic Feynman propagators from the CHY
approach lies in the use of n + 4 massless scattering equations instead of n + 2. The
extra particles come from splitting the extra two massive loop momenta (£7,¢7) into four
massless ones ((a1,b1), (b2, az2)). The splitting was motivated by taking an unitary cut on
a n-point Feynman diagram at two-loop (see figure 1), that leave us with a (n + 4)-point



Figure 1. Unitary cut on a two-loop diagram.

tree-level diagram. It was also proved that the four auxiliary loop momenta will always
combine in order to give the loop momentum in the forward limit [54-56].

This work was motivated by the tree-level KK relations, which were found for gluons
at tree-level in 1988 [49]. Let us remind the algebraic relations that the partial amplitudes
satisfy

ARGy, B Lo, ) = (1) Y AT (Lo,m), (1.5)
ocOP{S}{a}

where the order preserving product (OP) merges the ordering o into the ordering j3.

An one-loop version of the previous relations was found by Bern-Dixon-Dunbar-Kosower
in [57] (so they may be called the BDDK relations instead of the KK relations, since the
later are only at tree-level). Their outline for the proof relies on the structure constants, so
the result holds for any one-loop gauge theory amplitude where the external particles and
the particles circulating around the loop are both in the adjoint representation of SU(N).
This relation reads’

AP, =T ) = (=) Y AP0, (1.6)
oceCOP{a}{8}

The amplitudes we have on the left hand side belong to the non-planar sector of the
perturbative expansion. These amplitudes are far less understood than the planar ones,
starting with the notion of the integrand which is ambiguous. At one-loop order there is
no way to draw a Feynman diagram that could lead us to the integrand and we can only
make an incursion into them using the previous relations. From another point of view,
twistor methods like the ones from [58] apply only to planar diagrams, so the first obstacle
to face from this perspective is the lack of duals for non-planar diagrams.

From a physics point of view, 't Hooft’s large N limit [59] shows that the planar sector
of the amplitudes for a gauge theory with color group U(NV) (with fixed 't Hooft coupling)
is dominating, so by going beyond and studying these non-planar interactions we can get a
better understanding of that limit, where the 't Hooft diagrams have a cylindrical topology.

!The cyclic ordering preserving product (COP) merges the cyclic permutations of {a} = {r — 1,...,1}
leaving the {8} = {r,r +1,...,n} ordering fixed. This merging of the orderings is quite different from the
one at tree-level, and makes the proof for the relation a non-trivial task.



In twistor string, a non-planar open string amplitude at one-loop (scattering of gluons) has
the topology of that of a closed string, so it is a cylinder (an annulus with vertex operators
on the two boundaries). This brings the inclusion of conformal graviton exchanges, which
may presents itself as a drawback to the formalism.

The idea in the present work is to understand the amplitudes in the non-planar sec-
tor from the perspective of the CHY formalism. In this formalism, the ordering in the
amplitudes is directly associated with the Parke-Taylor factors, so our main focus will be
on those. Since our Parke-Taylor factors for the n-point one-loop amplitude come from
those at tree-level with (n + 4)-point, we will analyse the KK relations in order to extract
the BDDK relations for the amplitudes. At tree-level there is already a version of the KK
relations for the Parke-Taylor factors in the CHY formalism [52].

One important aspect to realize is that not all of the terms in the (n + 4)-point KK
relations contribute to what may be the n-point BDDK relations for the Parke-Taylor
factors. After identifying what contributes to one-loop there is a simple and powerful
result, a relation for the partial one-loop Parke-Taylor factors that involves the regular
shuffle product for the orderings. The relations for the partial factors can be promoted
to relations for the full one-loop Parke-Taylor factors, this process involves taking cyclic
permutations and rearranging the partial factors. It is exactly after that promotion that
we find the BDDK relations for them.? In this way, we provide a new proof for the BDDK
relations for the amplitudes from a different approach. Along the path, a more general
type of relations appear, and for those we still don’t have a direct physical interpretation.

It is known that the BDDK relations connect the non-planar amplitudes with the
planar ones, this will allow us to identify what would be the non-planar one-loop Parke-
Taylor factors, which are the building blocks for such amplitudes. Employing these new
objects in the construction of the CHY integrands, will lead to the identification of the non-
planar CHY-graphs. This new type of graphs do not have an equivalent in the traditional
formalism and encode all the information for the non-planar order in a single expression,
they also provide a clear definition of the integrand, at the level of the CYH formalism.
The developed non-planar CHY-graphs are applied to the massless Bi-adjoint ®3 theory,
allowing us to explore the non-planar sector of the theory at one-loop, we will obtain all
the integrands which contribute to the amplitude at this quantum correction.

Outline. The present work is organized as follows. In section 2 we review the one-loop
Parke-Taylor factors for planar corrections that were proposed in [55], with a few changes
in the notation and define the partial planar one-loop Parke-Taylor factor, which will be
studied in depth in the following sections.

Section 3 is divided in two parts. In the first one we take the previously presented
partial Parke-Taylor factors, which are tree-level type ones, and apply the KK relations
on them in order to obtain the BDDK relations at one-loop. The development starts by
analysing the tree-level relations for n 44 particles, from there it becomes clear that not all
of the terms contribute to the one-loop case, but a sector from them. With that analysis we

2The BDDK relations involve a more elaborated shuffle product for the orderings, the COP product
that we mentioned before.



find the simplest one-loop case, from there we will go to the most general relation possible
at one-loop, this is possible by the realization of an algebraic relation that includes the
shuffle product. The next part is where we find the BDDK relations for the full one-loop
Parke-Taylor factors, these being a particular case which resemble the relations for gluon
amplitudes. We also find some relations that generalize the BDDK ones.

In section 4 we employ the one-loop non-planar Parke-Taylor factors in the study of
one-loop amplitudes for the massless Bi-adjoint ®3 theory. Since the CHY integrands for
this theory are given by the product of two Parke-Taylor factors, the contributions for
the one-loop amplitudes come from different sectors: the planar, the non-planar, and the
mixed one (planar; non-planar). The Bi-adjoint ®3 theory plays a role in the double copy
between supersymmetric Yang-Mills and supergravity [60], also in color-kinematic relations
for scalar effective field theories [61]. Therefore, having and understanding the non-planar
sector has great value in the development of more relevant theories.

The non-planar CHY-graphs will be introduced in section 5 with some particular
worked out examples for the four-point and five-point cases. In section 6 we present the
general non-planar CHY-graphs for an arbitrary number of points. Finally, we present
our conclusions in section 7. Additionally, in order to make the paper self contained, we
provide the detailed calculations of the four-point amplitude from the CHY formalism in
appendix A and its exact equivalence with the results obtained from the standard method
based on the Feynman rules in appendix B.

Notation. For convenience, in this paper we use the following notation

. Tab
gij = 0; — 0, wﬁ'jb =— (1.7)
ia 9 jb

Note that wfﬁ:jb is the generalization of the (1,0)-forms used in [56] to write the CHY

integrands at two-loop. In addition, we define the o,’s and wg:jb’s chains as
(i1,72, 1 0p) 1= Tiyiy =" Tipy_yiy iy (1.8)
L. s \ab . ab ab ab __  ab a:b a:b
(i1,82, - ip)ey 1= Withiy TWip i Wipiiy = Winiy T Wiy, Wiy

To have a graphical description for the CHY integrands on a Riemann sphere (CHY-
graphs), it is useful to represent each o, puncture as a vertex, the factor o%b as a line
and the factor o4 as a dashed line that we call the anti-line. Additionally, since we often
use the A-algorithm?® [37], then we introduce the color code given in figure 2 and 3 for a
mnemonic understanding.

Finally, we introduce the momenta notation

m m
._ E _ 1.2 z ._ §
kal,...,am = kai = [al, ce >am]7 Sat...am — kah.-.,am’ Saq...am = kai : kaj'
=1

a;<a;

3Tt is useful to recall that the A-algorithm fixes four punctures, three of them by the PSL(2, C) symmetry
and the last one by the scale invariance.



. unfixed massless puncture O massless puncture fixed by PSL(2,C)

. massive puncture fixed by PSL(2,C) A massless puncture fixed by scale symmetry

Figure 2. Vertex Color code in the CHY-graphs for the A-algorithm.

3 g factor L (line) p b factor —1 (double line)
Oab GabOab
PO § factor oy (anti-line) . branch cut

Figure 3. Edges Color code in the CHY-graphs for the A-algorithm.

2 Planar Parke-Taylor factors at one-loop

In a previous work, we found a reformulation for the Parke-taylor factors that leads to
quadratic Feynman propagators by evaluating only massless scattering equations in the
CHY prescription.
Let us remind the expression for the Parke-Taylor factor at tree-level in the CHY
approach, it is given by the following
1

PTl) = (. (2.1)

(A}

where “m” is a generic ordering and n is the total number of particles. In addition, it will
be useful to define a reduced Parke-Taylor factor, which does not involve all n particles, i.e.

PT[i, ... i) =1 LR (2.2)

i1y ip)
where p < n.

As it was shown in [55], the planar one-loop Parke-Taylor factor (on the left-sector,
denoted by a-sector) for quadratic propagators is given by*

PT). [7] := PT[m,ma, ..., mn, a1, br, b, az) + cyc(r)

aj:az
_ 1 1 wiaz (23)

Qpion
(a1,b1,b2,a2) Oaiaz0azas " Oan_ran

accyc(n)

:M Z :F/)'\T[al,..-7an7a17a2]'

b1, b
(a1,b1,b2,a2) acorelm)

4As it was explained in [64, 55], in order to compute scattering amplitudes at one-loop we must perform
the forward limit, ko, = —kay (kb, = —kp,). So, from the third line in (2.3), it is clear this definition is
totally analog to the one given in [45, 46] by the expression

PTW[r] = Y PTlan,...,an,+ -],

a€cyc(m)

which is just able to reproduce linear propagators.



It is useful to remember that the Parke-Taylor factor on the right-sector (or b-sector)
is defined to be

PT), o] = (b1, b2) ) S" PT[B1,.... 5. b, bal. (2.4)

by, ba,
(ah 1,02, a2 Becye(n)

Such as we explained in the appendix A in [55], the CHY-integral of the product,
PT@.,ll):a2 [7] x PT(bll):b2 [p], is always a function of the couples, (kq, + kp,) and (kq, + ks,)-
This means, these type of integrals always produce quadratic propagators at one-loop by
the identification, (kq, + kt,) = —(kay + kp,) = .

Each one of the terms of the sum in (2.3) and (2.4) is called partial planar one-loop

Parke-Taylor factor which we denote them by pt %11);@ [i1,. .., 0p] (pt(bll):b2 [i1,...,1%p]), namely

pt i1, .. 0y == Uim%igln — w2, (2.5)
in particular we define
Pt [i1] = Wi, (2.6)
Thus,
PTG g [7) = Y Pl al, (2.7)

(ah bla 627 CLQ
accyc(m)

and for the b-sector we must just perform the replacement, (a1, as) — (b1,b2). Therefore,
for the rest of this work it is enough to work on the a-sector.

In [55], we found several algebraic manipulations on these Parke-Taylor factors that
allowed us to obtain the contributing planar diagrams for the bi-adjoint scalar ®3 theory.
In order to go beyond the planar case, let us analyse a known relation between planar and
non-planar integrands.

3 From KK to BDDK relations and non-planar Parke-Taylor factors at
one-loop

In this section we will build an alternative proof for the BDDK relations at one-loop. Since
our Parke-Taylor factors come from the (n 4 4)-point ones at tree-level, it makes perfect
sense to start analysing the KK relations for those. From the KK relations we will realise
than only a sector contributes to the one-loop Parke-Taylor factors, more specifically to
the partial one-loop Parke-Taylor factors. By taking the pertinent cyclic permutations we
will promote the partial factors to the full Parke-Taylor factors, there the BDDK identity
will arise naturally. Along this procedure we will be able to identify a new object, the
non-planar Parke-Taylor factors, we also will go beyond and find a generalisation for the
BDDK relations.

Let us recall a particular case of the KK relations for the Parke-Taylor factors [49, 52].
At tree-level we have the identity

TH{1}w{2,3.4,...,n—1},n}]:=PT[1,2,3,4,...,n]+PT[2,1,3,4,....7] (3.1)
+PT[2,3,1,4,...,n]+--+PT[2,3,4,... ,n—1,1,n] =0,



7

where we have introduced the shuffle product “ W ”,° just for a simple case of the first
entry merging in the next entries up until the one at the (n-1) position, we will generalise
this to two lists of arbitrary size and even beyond two lists. This will set the root of our
developments towards the case of one-loop. Note that we are making the following abuse

in the notation
P
PT[A; + Ay + -+ + A = > PT[A], (3.2)
i=1
where A; is an ordered list of n different elements.
The relation (3.1) will set the starting point for our analysis.

3.1 KK relations for the partial one-loop Parke-Taylor factors

Translating the relation (3.1) for the partial one-loop Parke-Taylor factors, which from a
technical point of view are still at tree-level, it can be written as

n—1
PT[1,2,...,n,al,bl,bg,ag}—i—ZPT[Q,...,i,l,i—l—l,...,n,al,bl,bg,ag]+PT[2,...,n,l,al,bl,bg,ag}
1=2
—i—PT[Q,...,n,al,l,bl,bg,ag}—i—PT[Q,...,n,al,bl,l,bg,az} = —PT[Z,...,n,al,bl,bg,l,ag]. (33)

Note that in the terms on the second line in (3.3) there is a splitting in the points
assigned to the loop momenta. Those terms are perfectly normal at tree-level, but at loop
level they would not lead to any quadratic Feynman propagator in the forward limit, in
other words, the identification, (kq, + kp,) = —(kay + kp,) = £, is not well defined on them.
In any case, we can analyse the terms where the splitting is not present.

Taking the sector of (3.3) where the loop momenta points are not split, we can find a
different relation for the partial one-loop Parke-Taylor factors. The new relation is given by

n—1
PT[1,2,3,...,n,a1,b1,by,a0) + > PT[2,3,...,4,1,i+1,...,n,a1,b1,b2, as]
i=2
+ PT[Q, 3,...,n,1,ay, by, bQ, CLQ] = w?}f‘” 15'\:[‘[2, 3,...,mn,a1, by, bs, CL2]. (34)

Again, with the introduction of the shuffle product, this relation can be written in a com-
pact and more legible way as follows

ptl w2, n}] = ptW [1,2,..,n)+ptt (2,1, n] b pt (2, 1]
=ptV,, [ xpt, [2,...,n]. (3.5)

The result from above can be generalized to lists of arbitrary size. In fact, we have been
able to find a more general relation for the partial planar one-loop Parke-Taylor factors,
which is given by the identity

General KK relations for the partial one-loop Parke-Taylor factors

pt(al):a2 {1,092, . ip} W {ipp1, .. dg) W W {im, ..., in}]

1 o ) 1 ) ) 1 ) )
= pt(al)w i1, 12, .. .1p] X pt(al);a2 [ipt1s .- dg] X <o+ X pt(al):a2 [imy - -y in)

°Tt is useful to remember the shuffle product, {a1, ...} W {B1,...B,}, has a total of % terms.



One particular case is to take all the lists with size 1, a straightforward calculation
gives the result

ptl o, (LI {2} W B} - wi{n}] = pti), [ x P, 2] - xpti),, [n]

_ w111a2 ><w‘21:12-a2 % . Xwal ‘s (3‘6)
_ 1 .
N €Sy 1 OarasTasas* * Tam_1om o )

where o := 1 and S,,_; is the set of all permutations of {2,3,...,n}. Let us recall that

the expression in (3.6) reproduces the symmetrized n-gon at one-loop.
Another particular case is by considering only two lists, taking the canonical ordering
we have the following

pt {12, .oy w{p+1,...n} =ptd (1,2, .0 xptW p+1,...0], (3.7

we obtain a similar structure as the BDDK relation between the planar and non-planar
amplitudes at one-loop [57, 62], but the shuffle is different, since we are not dealing with full
one-loop Parke-Taylor factors yet. We define the partial non-planar one-loop Parke-Taylor

factors as
ptW li iz, ip|iprts .oy n] = pt@ . inydo, . ip} W {ipst, - - i) (3.8)
= pt(al) a2 [217 12,4, ip] X ptgl):ag [ierlv ) ln]

Taking the sum over the corresponding permutations we build the full non-planar one-loop
Parke-Taylor factors® as
1
1 . 1
PT(al)ag[ﬂ-l’"'77TP|pP+1""7pn] —m Z t(al)az[a17...7Oép|ﬁp+17...,ﬁn] (39)

a€Ecyc(n)
Becyc(p)

:(a17b1,b2,a2 Z pta1a2 al,...,ap]Xptala2[6p+17 +Bul,

agcyc(m)
Becyc(p)
where {m,...,mp} and {ppt1,...,pn} are two different generic orderings such that
{mi, .. ,mpr N {ppris .- spnt =0 and {m1,..., 7} U{ppt1,...,pn} ={1,2,...,n}.
The partial and full non-planar one-loop Parke-Taylor factors defined in (3.8) and (3.9)
can be generalized, now for an arbitrary number of lists, in the following way

ptgl);az[ilﬂ”'7ip‘ip+1"“7iq‘ R
= ptgg@[{il,...,ip}m{i,,+1,...,z'q}Lu..-m{z’m,... in}]
= ptW. fin,dn, i) X PO [ipr1, - ig) X o x Pt i, yinl,  (3.10)

SNote that the partial non-planar one-loop Parke-Taylor factors for quadratic propagators can be
written as

(1)
7(a1,b1,b2,a2) pty;. a2[1 2,..,p|n,n—1,...,p+1]

() L...,n—1 _
1) (a1, b1, ba,a3) (1,2, par,p+ 1, on —1,n, as

This expression is totally similar to the one given for non-planar linear propagators in [47, 52], where
a1 — + and as — —.



and we can write the full version in terms of these like

PT(al)aQ[Wb T ppttse g | o [V ] (3.11)
T a1 b1 boan) (Cll by b2 QQ Z Z Z ptal ‘a2 041, O‘P‘ﬁp-l-l""v@]’ ‘6m7--~75n]7

accyc(m) Becye(p)  d€cyc(y)

where {71, ..., 71} {pp+1,-- -, Pn}, - {¥m,- .., W}, are different generic orderings such that
{mi, . omp U{ppst, - spnt U - U{Ypt1s -5} = {1,2,...,n} and they are disjoint,
meaning they have no element in common. Although these generalizations are well defined
in the CHY side, we still do not have an understanding of what would be their physical
meaning. So far we have worked with tree-like expressions so the KK relations still applied,
in the following subsection we shall see the one-loop behaviour of the relations.

3.2 The BDDK relations for the one-loop Parke-Taylor factors

In the previous section we found general relations for the partial one-loop Parke-Taylor
factors, these are a sector of the KK relations. In the following section our interest lies in
finding BDDK relations that involve the full one-loop Parke-Taylor factors defined in (2.3)
and (3.9).

To obtain full one-loop Parke-Taylor factors on the right hand side of (3.9) we have to
expand the sum and collect the terms related by a cyclic permutation. The result can be
arranged again in a sum as follows

PTW (71, 7 | Pptts oy pn) = > PTY o, aal, (3.12)
accyce(m)Wp/pn
where cyc(m) W p/p, = {cyc(m)W{ppt1,...,pn-1},pn}. As an example, for the non-planar

ordering [1,23,4, 5] we have the relation

PT(M). [1,23,4,5] = PTW. 11,2,3,4,5] + PTW. [1,3,2,4,5] + PT(). [1,3,4,2,5]
+PT).,12,1,3,4,5) + PTW. [3,1,2,4,5] + PTW. [3,1,4,2,5]
+PT).,12,3,1,4,5) + PTW. [3,4,1,2,5] + PTW. [2,3,4,1,5]
+PTY)., 13,2,4,1,5) + PTW. [3,4,2,1,5] + PTY).  [3,2,1,4,5].

(3.13)

This product for two orderings has been usually denoted in the literature as
COP{nT}{p}, where 7" is the reversed ordering of 7. The proof of this result for glu-
ons subamplitudes can be found in [57], where they approach it from the string theory and
field theory sides, here we have obtained it as a consequence of the regular shuffle product
that appears at the tree-level KK relations.

Finding the relation between the full one-loop Parke-Taylor allows us to see more
clearly the bridge between CHY and the subamplitudes from the traditional field theory
approach. Another important point is that a result in [55] shows an expansion of the
planar Parke-Taylor factors at one-loop in terms of w’s, which displays an advantage from
a computational point of view.

~10 -



Going to the more general case in (3.11), the same analysis can be performed to find
a relation with the full one-loop Parke-Taylor factors. After expanding and collecting the
terms we are left with

General BDDK relations for the full one-loop Parke-Taylor factors

1 1
PT(al):az[ﬂ—ly"'aﬁp|pp+la'"apql |'7ma77n]: Z PT(al):ag[ala-“;O‘nL
accyc(m)wceyc(p)W...ly/vn

where the product of orderings follows the same definition given after (3.12). Here even
the simplest non-trivial example (that could be [1,2|3,4[5, 6]) gives a considerable number
of terms to fit on a single page.

4 Bi-adjoint ®3 scalar theory

Having found the non-planar Parke-Taylor factors in the previous section, we will apply
them to the simplest non-trivial theory we can build from them, the Bi-adjoint ®2 scalar
theory. These new factors will allow us to dive directly into the non-planar sector of the
theory. In the CHY prescription we will have a clearly defined integrand for a non-planar
amplitude, something that does not happen in the traditional formalism, and opens a new
gate to explore these interactions.

Here we propose a non-planar CHY prescription for the S-matrix at one-loop for the
bi-adjoint ®3 scalar theory. By construction, with our Parke-Taylor factors we will be able
reproduce directly the quadratic propagators, which are the important ones if one wants
to study the behaviour of the singularities in the non-planar sector, although the analysis
of singularities is beyond the scope of the present work.

4.1 Full bi-adjoint ®3 amplitude at one-loop

Along the line of reasoning of [47] and with the partial Parke-Taylor factors defined
in section 2, we define the full bi-adjoint ®3 amplitude at one-loop with flavor group
U(N) x U(N) as

mqll—loop = /dDE Z TI‘(TZTrl TZ7r2 - TZTFTL TZ-,ra1 T747fa2 ) X {2"1“ dQ) Sa1by
m€Sn42/Zny2
PESn42/Zny2

(a1,a2) == (b1,b2) =
dut —= PT — = _PT
X/r Hn+a (a1,b1,b2,a2) 71y T Tan s T X (a1,b1,b2,a2) (P15 ns P ]

 Tr(Ter Tiea ... Ton To0 Tlova ) (4.1)

where the measures, dQ2 and du!, 14, are given by the expressions” [3, 54]

A= dP (ka, +kp, ) 0P (ka, +kp, —0) dPkay dkpy 6 (kay +kay ) 6 (kyy+ks, ), (4.2)

"In this paper we are considering that the D-dimensional momentum space is real, i.e. k; € RP~11
Therefore, the Dirac delta functions in (4.2) are well defined.
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and

n+4 d ( )
d/.L,f,L+4 = A=1 A % O'lbl Zble abgl
Vol (PSL(2,€)) * TTi1,b,.0, B
fixing PSL(2,C) do-al dO’aZ n dai )
. x : 4.3
Eo = Eo 13 B (01by Tbyby Tby1) (4.3)

The I' contour is defined by the massless scattering equations

n+4 ks k n+4
Eii=Y AB 0, A=1,2,...,n+4, with > ka=0, (4.4)
51 TAB A=1
B#A
where we are making the following identifications
n+1l—a, n+2—=>ay, n+3—=b;, n+4— by. (4.5)

Finally, without loss of generality, note that in (4.3) we have fixed {o1,04,,04,} and
{E1, Ep, Eb2}‘

It is very important to remark that the proposal given in (4.1) is well defined. After
performing the contour integral, fr dut, 4 » the result obtained has a functional dependence
of the loop momenta couples® like (kq, + kp,) and (kq, + kp,), therefore, the Dirac delta
functions in df) can be carried out without any inconvenience.

As it has been argued in [47], since we are looking for the forward limit with the
measure 6P)(ky, + ka,) x 0P (ky, + ky,) in (4.2), then it requires that when summing
over the U(N) (and U(N)) degrees of freedom of the two internal particles they must be
identified. Being more precise, we must introduce the sum

N2 N2
D Giaiay XD Oiginys (4.6)
iaq,lag =1 iy siby =1

where N2 (N?) is the dimension of U(N) (U(N)). Now, by using the identities?

]\[2 N2
> T(X T Y T) =Te(X)Te(Y), Y Tr(XY T' T') = N Te(XY)
iay =1 iy =1
Te(T™ T2 ... Tt T7) = (=1)P Te(T™ Tt ... T™2 T, (4.7)

81t is guaranteed by the KK relations in (3.7) and the footnote 6. Since the partial non-planar one-loop
Parke-Taylor factors can always be written as a linear combination of the partial planar one-loop Parke-
Taylor factors then, as it was explained in the appendix A in [55], this implies the CHY-integral is always
a function of the momenta (ka, + kb, ) and (kay + kb, )-

9The second line in (4.7) is known as the reflection identity, which is simple to check for the adjoint
representation.
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the full amplitude, m% °°P becomes

mj, P = dx { (NN) 37 Te(Tim T ) em( PP s p] < Ty (T - Ton)

TESn/Zn
PESH/Zn

n—1
I DD DI DIV A PR sl T

p=1neS,/Z, €5p/Zp
5€Sp _p/Zn_p

X Tr(j"im .. .Ti'yp) ~ Tr(Ti6p+l . Tian )

n—1
HE)YD D DD TR T ) XTI T ) (NP
p=1

w€Sp/Zp  ~NES, /Ly
PESn—p/Zn—p

X Tr(Ti’Yl e Ti"{n )

n—1
+3 > Te(Tirs - T ) X T(T st o) {1 NPNP) ]
p=1 w€Sp/Zp,vESq/Zq
9=1 p€S,_p/Zp_p,6E€Sp_q/Zn_q
X Tr(T™ - Tha) x Tr(T™a+1 ... Tn) } (4.8)

where P(NP) means planar (non-planar), miFF) [7; p] is the same amplitude defined in [55]
as ML °P[x|p], and the non-planar contributions, m&y = [r;416] (MG P x| 4])

(1-NP;NP) | ,
and my, [|p;v|d] are given by

_Pp. 1
mgll PVNP)[Wla-"vﬂ-n; 717---77p|5p+17-~~a5n] = on+1 /dDé/dQ X Saiby
X /d/ﬁlﬂ X I(CIPPIQ;NP)[WD e T Ve YplOptts -5 Ol (4.9)

mg NP’NP)[M,...,M’PPH,---,Pn; Vi ValOg+1, - - -, 0n] == on+1 /dDg/dQ X Sayby

X/d:u’;um—l-4 XI(Clli\{\fp;NP)[ﬂ-l""aﬂ-p’perl?'-'apn;715---77q|5q+17"'55n]7 (410)
with
b b)
1CHY s 8] o 0102) (b1 b2) 411
(1—P,NP)[7T17 y Ty V1 77p| p+1, ) n] (al,bl,bz,a2)2 ( )

X Z ﬁ[alv"’7an7alya2] X Z ];/)’\T[glv"wg(bblugq-f—l)'"7<n7b2]7

aEcyc(m) igi(&;
br, bo)
1CHY e elGeats 0] i L01202) (b1 B2) 4.12
(17NP,NP)[7T17 77rp’pp+17 s Pny V1, 77(]‘ q+1, ) n] (a17b17b2’a2)2 ( )

X Z ﬁr\r[ala"'vapaalyﬁp—‘rlv'"aﬂn;a@]X Z 15?1‘[51)"'7§qab17<q+17"'7<’nab2]'

aEcyc(m) E€cyc(y)

Becye(p) ¢€cyc()
Finally, the amplitude, m,(llfNP;P) [7|p; 7], is defined in a similar way to the one given
in (4.9).
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Since the bi-adjoint theory comes with double trace, we have mixed sectors which are
not entirely non-planar. Our focus here will be in the definition of the integrands for such
sectors and how they are related to the planar sector.

In the following sections we are going to focus on these non-planar amplitudes, we will
give a few examples and define the non-planar CHY-graphs.

4.2 Non-planar bi-adjoint ®3 amplitudes at one-loop

In the previous section we have defined the non-planar ®3 amplitudes at one-loop. In [55],
a technology to deal with this type CHY structures and graphs was developed, one of the
ideas to remember from there is that by integrating a CHY integrand we can obtain several
Feynman integrands and therefore all the information about the possible interactions at a
certain order. For the planar case the relation CHY-graphs/Feynman-diagrams was mainly
one-to-one, no on the non-planar case we will see that is not the case any more, but again a
non-planar CHY diagram contains all the information for the interactions at that level. The
new integrands that we have to deal with are ISIEQ;NP) [7; v]d] and I?E}(IP;NP) [7|p; v]d], so
let us see how the look by using the Parke-Taylor factors we found in 3.

From the identity in footnote 6, it is straightforward to see

I(Cllig;NP)[Trl)"'vﬂ-n; 717"'77p|5p+17"°75n]

=PTW, e ] X PTGt S (4.13)
ISIEK\IP;NP)[WM--77Tp\Pp+1a---7Pn; Y-+ YqlOgt1s- -5 0n)

1
=PTO,, (71 T | P Pt s Pt X PTGt Oga]. (4.14)
So, for convenience we define:

1—-P;NP)

Definition. The non-planar partial amplitudes, m! [m;v]6] and L NPNE) [7|p; v19],
for bi-adjoint ®3 scalar theory are defined as
W%lfP;NP)[m, e T YL Y | Opt1s oo, On)
= mf}fP?Np) M1, T 5 Y1 Yp | Ony ooy Oppa]s (4.15)
oU-NPNP) 7 STl Ppt1s s P Y13 Yg | Og41s - - -5 On)
= m NN [y oy Pt 5V Vg | Oy - - B (4.16)
In a similar way we define NP [7ps 7).

In the next section we will present some examples, which can be directly compared
with the field theory results.

5 Examples and non-planar CHY-graphs

Let us now translate the integrands we just introduced into their corresponding CHY-
graphs in order to get more information from them. In this section we compute some
particular examples for lower number of points, n = 4,5 by using the new proposal given
in section 4.2. Moving forward, we will define and analyse the more general structure of
the non-planar CHY-graphs at one-loop in a simple way, which will be presented in the
next section.
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Before giving the examples, it is useful to introduce the line notation!'?

b

I L.

el S (5.1)
1T

where the number of anti-lines “m” is equal to, m = # lines—4. Finally, in order to obtain
a more compact notation, we bring in the following definitions

1
62(54-]{31)2(54-]{31+k2)2'-‘(£+k1+k2+"'+kn_1)2,
(5.2)

\

= [treel,treeQ,...,treen]—&— [treeQ,...,treen,tree1]+~--+ [treen,treel,...,tree(n—l)],
(5.3)

where the arrow over the bracket, ﬁ, means the transit of the loop momentum “¢” and
“treet” is a generic Feynman diagram at tree level. For simplicity in the notation we omit
the integral, deE.

Finally, in order to obtain a correspondence between the CHY-graphs for non-planar
bi-adjoint scalar theory and Feynman diagrams at one-loop, we follow the same procedure

performed in [55], i.e. we will carry out a power expansion'! of PTgl)ZQQ[- -] in terms of
wyi**?, while for PT(bll):bQ [---] we will use its original definition.

5.1 Four-point

First of all, we analyse the simplest example, the four-point computation.'?

Let us consider the NP; P contribution, which is given by the expression

m{ NP1, 203,45 1,2,3,4] = 24+1/d9 X Sarby

ai:as

X /dMZH PTM).,11,213,4] x PT, [1,2,3,4).  (5.4)

10This line is the same square defined in [55].

"Note that the lowest power of that expansion for the non-planar Parke-Taylor factors is four, it is a
consequence of the Theorem 1 in [55].

121 appendix B we carry out the four-point computation using the Feynman rules.
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1 : : (1) _ 1 ail:az .a1:a2, a1:a2, ai1:a2 .
Since we have the identity, PT4/.0,[1,2]3,4] = iy X Wi waly wes Wiy, which

has been shown in [55], it is simple to draw the CHY-graphs

_NP- 1
93@(11 NP’P)[1,2|3,4;1,2,3,4]:25/d95a1b1/ +cyce(1,2,3,4)

(5.5)
These kind of graphs were already computed in [55] and the answer is

1
o N, 203,451,2,3,4] = 9 —¢— 4 (5.6)
3

Now, we compute the NP; NP part of the four-point case. Let us consider the amplitude

(' NN,213,451,2/3,4) (5.7)

1 1
= desalbl/duZHPT%{aQ[l,QBA]xPTgl):bQ[l,2|3,4]

1 1

- t ai:as, .a1:a2, .a1:a2, .a1:a2 b1:bo bi:ba bi:by bi:ba

T 95 dS¥sayp, dﬂ4+4‘(a1 b1,ba,as)?2 (Wi gy P wals Wiy ™) X (Wil Pwhly Pwyly Wy )
9y ) )

where we have used the same identity as in the above example. This CHY-integral was
computed by one of the authors in [54] and the result is

1
mS—NP;NP)[LQBA; 1,23,4] = 2 4 +per(2,3,4). (5.8)

3

Next, in order to compare this example with the previous one and to obtain more infor-
mation from it, we use the same procedure as in (5.5). Thus, on the a-sector we apply the
identity, PTgl);az[l, 213,4] = (a1,b1,b2,a2) 7! X Wi Wi WL w L, but, on the b-sector

we use the definition given in (3.9), therefore we have the graph expansion

3 1
+(1+2)
. 1
szj NP,NP)[L2|3’4;1’2|3,4]:§/dﬂsa1bl/dui+4 +(3+4)
+(1+2)x(3+4)
4 2
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The CHY-graphs obtained above are a new type of graphs, which will be called'? the non-
planar CHY-graphs (or butterfly graphs). Using the A-algorithm developed by one of the
authors in [37], we can compute this butterfly graph in a simple way, and the result is
(see appendix A)

1 1 1
¢ ¢ ¢
=4 2 + 4 3 +2 3
3 2 4
3 3 3
¢ ¢ ¢
+ 4 17 +2 17 +2 4
2 4 1
= [1,2,3,4] + [1,3,2,4] + [1,3,4,2] + [3,1,2,4] + [3,1,4,2] + [3,4,1,2]

— 2w 3.4 . (5.10)

This interesting result is generalized in section 6. Certainly, by summing the four butterfly
graphs from (5.9), one obtains the same answer as in (5.8).

Notice that we have not used the Parke-Taylor identities found in section 3.2 in the
above examples, for instance

PTW. 11,2]3,4] =PTW. [1,2,3,4] + PTW 11,3,2,4 +PTW. [3,1,2,4]  (5.11)

ai:ag ail:as ai:as ai:ao
+PTW. 12,1,3,4] +PTW, [2,3,1,4] + PTY). [3,2,1,4].

We could do that and then to apply the technology developed in [55]. However, this
procedure is longer and tedious, we would also lose the correspondence between the non-
planar CHY-graphs and Feynman diagrams at one-loop.

What the previous paragraph is actually telling us, is that we have found a nice way
to embed the BDDK identities into a single expression, all this from the relations we found
at the level of the Parke-Taylor factors in section 3. From the CHY approach, we can
find all the interactions that are involved in the non-planar sector directly by solving the
corresponding CHY integrand. Since the 4-point case is so simple and just showed us one
type of interaction (the non-planar CHY-graph gave just boxes), let us take a look to a
nontrivial example, the 5-point case, where more interactions shall appear.

13Note that the graph in (5.9) is like a double copy of the graph in (5.5) without the connection between
Ob, and Oby -
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5.2 Five-point

In this section we will consider a less trivial example, the five-point case computations. This
example is richer than the previous one, here we will see different interactions appearing
in the non-planar sector. Diagrams with trees will be attached to the loop will appear
now, but those tree diagrams should satisfy certain conditions imposed by the structure of
the gauge group, all of this now embedded into the non-planar Parke-Taylor factors (this
argument will become clear in the next section). The first contributing integrand we will
take into consideration is the mixed non-planar-planar case, it is given by

1-NP;P 1
m! )[1,2/3,4,5; 1,2,3,4,5] = 25+1/d§2 X Saybs

x /dug+4 PTY,,,[1,2/3,4,5] x PTY), [1,2,3,4,5].
(5.12)
From the results found in [55], it is straightforward to check the identity
1 . . . . .
PT), [1,2]3,4,5] = (o101, baa2) X (Wi Pwys ) x (20";:13“20"22@2‘”;15'&2
ai:as ai:as ai:a9
034045Ws:3 ai:ay | 745053 W34 aj:ay | 953034Wy4:5 a1:az
+ (3’4’5) W44 + (3’4’5) Ws.5 + (3’4’5) Ws.3 > ’
(5.13)
s0, using the definition, PT{), [1,2,3,4,5] = s [wl;gbz e +cyc(1,2,3,4,5)],

we obtain the graph expansion

2mél—NP;P)[L2|3,4,5; 1,2,3,4,5] = &

(5.14)

here “cyc” stands for cyclic permutations of the labels, (1,2,3,4,5), but by keeping the
connection among them. Note that the graphs in (5.14) are totally similar to the ones
obtained in [55], equation (5.3). In fact, the only new graph is the second one, which is a
generalization of the graph in proposition 3 of [55]. Following the same procedure that was

applied there, we multiply this graph by the cross-ratio identity, 1 = —o53 w3s*? + %,
. al az
therefore the second term in (5.13) becomes
O34 045 we s A . . . 034 045 Wak™? .
N I R e TR ey o v e DU R R L)

(3,4,5) (3,4,5) w4
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and the graph turns into

(5.16)

The second resulting graph is a generalization of the one given in proposition 2 of [55].
This graph is simple to compute using the A-algorithm and it vanishes. So, the fmgl‘NP;P)

amplitude can now be written as

o 1
mgl NP,P)[1’2‘3’4,5; 1’273’4’ 5] = 2—6 /dQ X Say1by X

. (5.17)

/ dyus 4

where all these graphs were already mapped to Feynman diagrams in [55]. Thus, the final
answer is

mél_NP;P)[1’2|3’4’5; 1,2,3,4,5]

1 1 1
5
Z\Q/5 +2¢—5 +24<>—<4 : (5.18)
3 4 3 4 3

Next, we compute the NP; NP contribution to the five-point case. Let us consider the
amplitude

mél NP’NP)[1,2|3,4,5; 172’3747 5] = 25—',—1/dQ X Sarby

x /dug+4 PTW,, 1,2(3,4,5] x PTY), [1,2[3,4,5].
(5.19)

Such as it was done previously, we use the expansion given in (5.13) for PT@.Lll);a2 [1,2]3,4,5]
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and the original definition for PT(, [1,2[3,4,5] written in (3.9), i.c
1:02

PT{., [1,2(3,4,5] = 7(ahbl’b2,a2)x(w?llazwglzaz) (5.20)
al:ag al:a ai:az
(i PG gy PGB e gl i)
1 1 ) 1 .
PT(l)_ 1,2|13,4,5| = —————X (wb?‘b2+wb¥'b2)
brivs 121 ] (a1,b1,b2,a2) 091 F2 T gpg
. 1
b2 bl-b2 b1 b2
X D24 Wyt %+ . 5.21
<U45053 34 053034 45 034045 “o:3 ) ( )

Thus, one obtains the graph expansion

1
U NN 913 4,50 1,2(3,4,5) = desalbl du5+4

+(1+2)
+cye(3,4,5)
+(142)xcye(3,4,5)

(5.22)

The first, third and fourth CHY-graphs are a generalization of the butterfly graph that
was found in the above section, equation (5.9). On the other hand, the second CHY-graph
is a combination between the butterfly graph and the graph in proposition 3 of [55]. So,

by multiplying this graph by the cross-ratio identity, 1 = —o34 wy5* + % the second
term in (5.20) becomes
P e x 1 = e + TETRAEE e 5y
and the graph turns into
3 1 3 1 3 1
5 =—5 + 5 . (5.24)
4 2 4 2 4 2

Like it happened in the previous example, the second resulting graph is a mixing between
the butterfly graph and the one given in proposition 2 of [55]. The result for this graph is
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. . 1-NP;NP .
again zero. Therefore, we can now write the Sﬁé iNP) amplitude as

Em(1 NP;NP) 1

)[1,2]3,4,5; 1,2(3,4,5] = desalblx du5+4

+ (1 2)
+ cye(3,4,5)
+ (14 2) x cyce(3,4,5)

(5.25)

Certainly, we have been able to rewrite the sm“ NP;NP) amplitude just in terms of butterfly

graphs (non-planar CHY-graphs), in the same way as it was made for Sﬁfll_NP;NP). The

computation of these graphs is completely similar to the one performed in (5.10) which
leads to

26/dQSa1b1/du5+45% \iz \ix \iq/ +(7terms)

— 1L,2lW[3,5,4] (5.26)
/ T / ity % ~(i>— ~<>-< ~(>-< +(3terms)
= [1,2,{3,51,4] + [1,{3,5},2,4] + [1,{3,5},4,2] +---= {35}4 (5.27)
e % 4} {; {?
= 11,2,3,{5,4}] + [1,3,2{5,4}] + 13{54}2 — 2w, {5.41] , (5.28)

where we have denoted {3,5}, {5,4} and {4, 3} the tree level sector. Therefore, the final
answer is given by

mUNPNP) ) 913,451 1,2]3,4,5] = S[1,2/3,5,4] + S[1,2[5,4,3] + S[1,2/4,3,5]
S[2,1[3,5,4] + S[2,1|5,4,3] + S[2,1[4,3,5], (5.29)

where we have defined S[ay, ag|as, aq, as] as

Slay,aslas, as,as] = [a1,a2)Was, as,as] + [a1,a2)W[{as,as},as] + [a1,as]W(as, {as,as}] .

(5.30)
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It is simple to check the total number of Feynman diagrams in (5.29) is,'4 60 pentagons
+72 bores = 132, while in the CHY representation we only have 18 CHY-graphs (equa-
tion (5.25)).

Finally, looking at the results obtained in this section, it is interesting to note that

the amplitudes, M F)(1,2]3,4:1,2,3, 4] and M NTP(1,2]3,4,5; 1,2, 3,4, 5], can be

found from the intersection!®

NP1 213 4;1,2,3,4] = NPNPI1 913, 4:1,2)3, 4] o T [1,2,3,4;1,2, 3, 4,
NP 913, 4,5:1,2,3,4,5) = M NP1 913 4,5:1,2/3,4,5) ot T [1,2,3,4,5:1,2,3,4,5),

such as it was done in the planar case, [46, 55]. Although we do not have a formal proof,
there are evidences that the previous intersection relation could be applied to higher number
of points, therefore we conjecture the following general relation, up to an overall sign
M NN [0 4]5) = MENPNP |31 af 8] 0 MENPND |5 408) . (5.31)
where the ordered lists, a={o,...,0q}, B={f1,....0;}, v={n,...,w} and
d ={d1,...,0m}, satisfy the conditions, «NB =~vNd =0 and aUB =~vyUd ={1,2,...,n}.
In the following section we will generalize the previous results to an arbitrary number of
points. Additionally, it is useful to remind that all computations were checked numerically.

6 General non-planar CHY-graphs

We have found a new type of CHY-graphs at one-loop, the non-planar CHY-graphs (or
butterfly graphs). Those type of graphs could be identified as a generalization of the planar
case obtained in [55]. In addition, let us recall that when the CHY-integrand associated
to a planar CHY-graph is integrated, its result is a sum of Feynman diagrams at one-loop.
This fact is summarized by the equality

1
W/dQXSa1b1X/d,U/§V+4

(6.1)

14 Under the equivalence relation given by the loop momentum shifting in (5.3), there are 12 nonequivalent
pentagons and 18 nonequivalent bozes. In addition, note that these 12 nonequivalent pentagons are in perfect
agreement with the expansion given in (3.13) for PT(,lll);a2 [1,2]3,4,5].

15This equality is given up to an overall sign.
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where the grey circles mean the sum over all possible trivalent planar diagrams!'® (7;),
the symbol “P,” in the loop circle denotes a regular polygon of n-edges and “N” is total
number of particles.

We can make an importan remark here. The tree diagrams attached to the loop satisfy
two conditions: 1) they cannot have particles from the two orderings, and 2) one tree cannot
contain all the particles belonging to one ordering. This is known from the structure of the
gauge group, but here it appears from the Parke-Taylor factors. From the expression (3.9)
we can apply an expansion in w for each individual ordering, like we showed in [55], this
will give us the contributing type of diagrams, effectively satisfying the previous conditions.

From the butterfly graphs obtained in (5.9) and (5.25), we generalize the planar CHY-
graph in (6.1) to the non-planar case. Additionally, by using the A-algorithm, it is straight-
forward to compute this new kind of graph. Thus, a general butterfly graph and its result

in terms of Feynman diagrams is given by the expression

where, as in (6.1), the grey circles mean the sum over all possible trivalent planar diagrams
(T3), “P,” denotes a regular polygon of n-edges and “N” is the total number of particles.

Finally, using the results found in [55] and the CHY-graphs representation obtained

for O} NPNP[12]3,4; 1,2(3,4] and NP1 213,45 1,2(3,4,5] in (5.9) and (5.25)

respectively, we formulate a general expression for SJI}VfNP;NP [a|B; a|B]. To be precise, up

16 A5 it is very well known, at tree-level there is a map between the CHY-graphs and Feynman diagrams

given by
1

n
- 3
/ dpir,

5

: (6.2)

where the grey circle means the sum over all possible trivalent planar diagrams with the ordering
(1,2,...,n).
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to an overall sign, we propose the following expression

|al, 18]
m}\FNP:NP[Odﬁ;a‘B] :2]\71+1/d95a1b1/d/‘%?ﬁ4 Z ZNPChY( |5) [i]] +cyc(a) xcye(B) |,
b 2 ‘
(6.4)
where the ordered lists o and (3 are given by, « = {1,2,...,p} and 8 = {p+1,p+2,..., N},
|a| and || are the lengths of the lists, i.e. @] = p and |5| = N — p, and we have defined
the set, NPchy?&l]B), as

B — sector @ — sector

NPchy‘(l(;bl ) = { All possible non-planar CHY graphs with the form

being NPchy{;, B)H i]] the i-th element in NPchy . For instance

3:3
NPchy (i 3145.6) =

NPchy (% 5145.6) = % S0 (6.7)
2

This is clear that (6.4) is in agreement with (5.9) and (5.25).
We can now summarise the results obtained in this work in the following and final

section.

7 Discussions

In this paper we continued the program to obtain one-loop quadratic Feynman propagators
directly from CHY prescription, now into the non-planar sector of the amplitudes. Studying
the one-loop Parke-Taylor factors presented in [55], we found the well known KK relations
for amplitudes in momentum space, now in the context of functions of o — variables in
CHY formalism. These relations allowed a generalization, and from then on we found the
BDDK relations at one-loop level, that leaded us also to obtain a generalization to the
multi-trace one-loop Parke-Taylor factors, which as a special case have the double-trace
one, called the non-planar one-loop Parke-Taylor factors.
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The BDDK relations have been traditionally used to obtain the subleading order con-
tributions at one-loop in terms of leading ones. What we have done here, is exploit the
BDDK relations and as a consequence of them obtain a remarkable result, the non-planar
CHY-graphs. There is not an equivalent of these graphs in the traditional formalism and
among the advantages they offer we have:

e The BDDK relations are already embedded on them, so we only need to integrate
their corresponding integrand to obtain all the contributing interactions in the non-
planar sector.

e The subleading order can now be written directly in terms of these graphs, since they
encode all the information for this order in a fewer number of graphs, offering a more
compact presentation in comparison to Feynman diagrams.

e Easier computation and generalization for higher number of points.

e Using intersections between graphs the amplitudes for mixed orderings can be ob-
tained in a straightforward way.

We applied the non-planar CHY-graphs in the study of the bi-adjoint scalar theory at
one-loop. We have found all there is to know, as far as we understand, for this theory at
that loop order, at the level of Feynman integrands with on-shell external particles.

There are several directions to move on from the developments we have done in this
paper. We are ready to apply all the technology we have developed in the study of the
Yang-Mills theory and gravity at one-loop with quadratic Feynman propagators. Since the
Parke-Taylor factors enter into the CHY integrand for Yang-Mills like
pty ) (o1, Pl

(a1,b1,b2,az)

YM
My (1,2,..,m) = PTX L [1,2,0m] XY Dy oo epulbian
PESH

where Ny, p,(p;.p,|b1,a; ar€ the BCJ numerators, which must be found (see [51, 52] for the
linear representation), we can apply the developments of this work directly by replacing
the planar Parke-Taylor factor by the non-planar one, obtaining the integrand for the
non-planar sector of Yang-Mills like

My (1,2, isi+ 1, )

1
ptiy (o1, p]

(a1,b1,b2,a2)

1 .
:PT((H)IGQ[LQ,...,Z,Z—F1,...,71} X Z Ny bylp1-pnlbrsal
PESH

This can be done in a straightforward manner, because the Pfaffian, Zpesn Dy, by|pr-pnlbr,al

ptéi):bg [P15--,pn]
(a1,b1,b2,a2)
The BDDK relations we have found here play an important role in a version of the BCJ

, does not have anything to do with the ordering.

duality we are currently working on. The study of the BCJ duality have already been done
for the case of linear propagators [52, 53], so it will be very interesting comparison to make.
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Another important direction, is going to higher number of loops for the Parke-Taylor
factors. There, we could study the relations that may exist among them, that is another
work in progress. There is not much study done in this part at the moment.

Since we have found a way to encode all the one-loop information in a fewer number
of CHY-graphs(integrands), it would be desirable to be able, or understand the viability,
of performing the loop integration before the contour integration in the ¢ — variable, this
could lead to a new and more compact way of calculating loop corrections, and could lead to
a better understanding of the singularities in the non-planar sector, a topic not completely
understood, except for some particular cases.
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A Four-point non-planar CHY-graph computation

In this appendix we will work out an example using the A-algorithm in order to compute
the non-planar CHY-graphs. Since that the A-algorithm is a graphical method we can
omit the integral [ dpuf_ .

The simplest non-trivial example is the four-point case computation obtained in (5.9).
Applying the A-rules presented in [37], we identify that there are three non-zero cuts
given by

3( ]1
4 2

Note that in this paper we have used this gauge fixing for all graphs, which was very

(A1)

useful in the planar case [55]. However, for the non-planar case this gauge is not as
efficient. Although it is not evident at first sight, the cuts in (A.1) generate non-trivial
CHY-subgraphs with spurious poles. Thus, we are going to choose a new gauge fixing
which produces CHY-subgraphs with only physical poles.

Let us fix the punctures {01, 09,03} by PSL(2,C), and the puncture {04} by scaling
symmetry. Under this gauge fixing, the non-planar graph becomes

3 1
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The above cuts are straightforward to be computed and give

2
= X X , (A3
(ka1+kbl+/€1+k2)2 ( )
3
2
= X X A4
(kal —|—kb1 +k3+k4)2 ’ ( )

4

by 11, 3 an by
O

2 <>
== X 1 X O 0
e @ <y >

[2, 4, az b2] by

(A.5)

Note that the CHY-subgraphs obtained in (A.3) and (A.4) have the same structure as the
one given in (6.1), which was computed in datail in [55]. So, the final answer for cut-1 and

cut-2 is
25
cut — 1= ,
Sagby Saiby Slaiby S12a1by S123a1by
25
cut — 2 =

Sasby Sai1by S3a1b1 S34a1b; S341a1by '
On the other hand, the subgraphs in (A.5) have the same form as the ones studied in [54].
The computation of these subgraphs is straightforward and the total result of the cut-3 is
given by

20 1 1 1 1
cut — 3 = + X + .
Sasbs Sai1b; S13a1by Slai1b S3a1b1 5132a1by S134a1b1

Adding the cuts, (cut — 1) + (cut — 2) 4+ (cut — 3), we obtain the final result for this four-
point non-planar CHY-graph, namely

3 1

25 1 1 1
= +
Sasz Salbl 81a1b1 512(111]1 81230,161 81a1b1 5131111]1 81320,161 Slalbl 513a1b1 8134a161

1 1 1
- + - ) :

53(11[)1 531a1b1 5312(L1b1 53(11[)1 531a1b1 5314(111)1 53a1b1 534a1b1 5341(11191

Therefore, by carrying out the integral, 2% [ dQ sa4p,, it is trivial to check the previous
expression becomes (5.10).
Finally, note that this gauge fixing can be applied to higher number of points.
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Figure 4. Standard Feynman three-vertex in the bi-adjoint theory.

k1 ko

Figure 5. Irreducible contribution to the one-loop four-point amplitude.

B Four-point amplitude from the Feynman rules

In this appendix we calculate the four-point amplitude from the standard Feynman rules
to compare with our final results based on the master formulas we obtained in previous
sections. We have the following Lagrangian for the bi-adjoint scalar field theory

1 / / 1 ~ K A / / /
L= iallq)aa au(baa + ﬁfabszJL b'c Pea q)bb Pee ’ (Bl)
in which we have the following Lie algebra
[Ta7 Tb] _ ’ifabcTC ’ [j:va’ j:ub] _ ifabcTc , (B.?)

with two sets of generators {7} and {1} and their corresponding structure constants,
fabe and fabe [32]. In this theory we only have the following three-vertex to be used for con-
structing tree- and loop-level diagrams, see [4] for some examples in tree-level amplitudes.
In this paper we are interested in one-loop amplitudes in bi-adjoint scalar field theory,
especially its non-planar contributions. The first one-loop diagram with non-planar coun-
terpart in this theory is the four-point amplitude which will be constructed using the above
three-vertex to compare with the CHY results in section 5.1. After sewing four copies of
the three-vertex in figure 4 we get the irreducible contribution to the four-point amplitude
depicted in figure 5 which leads to the following representation

Ay [k, k2, k3, k4]

4 N2 N2
_ 5D (Z kz) Z fcalb fbagd fdage fea4c Z fc’a’lb/ ]Eb’a;d’ f*’d’aée’ fe’ailc’

i=1 b,c,d,e=1 b, \de'=1

dPi 1
: / (2m)P P2[l + ko[l + ko + ks]?[l — ka]? (B.3)
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After using identities in (4.7) for the natural ordering of the external scalars in the loop
(canonical ordering: 1234) we get

N2
Z fcalb fbagd fdage fea4c
b,c,d,e=1
= Y (T[T, %) (T[T, TY) tr(THTS, T°) te(T[T*, T°)
b,cd,e
= INtr(TUT2TBTM) 4 2tr(T9 T )tr(TWTH)
+ 2tr(TUT ) tr(T42T%) + 2tr(TYT% ) tr (T2 T%) (B.4)
and
N2

Z fc’a’lb’ f~b’a’2d’ f‘d’a’ge’ fe’agc’ _ QNtI.(Ta’ljwa’QTagTaﬁl) + 2tI'(Ta/1Ta/2)tI'(TaéTa:1)
b d el =1
+ 2tr(TT% ) tr (T2 T%) + 2tr (T T ) tr(T%2T7%)
(B.5)

where N2 (N2) is the dimension of U(N) (U(N)). Now if we exclude the fully planar part
of (B.3) the rest of the amplitude gives

4
dPi 1
'k ko K k] = 0P (ST Ry T’”‘“/ - (B.6
'AIrr[ 1, 2, ~3, 4] (; ) (27I')D lQ[l + k2]2[l + k‘Q + k3]2[l — k1]2 ( )
We define
1234 _ qv1234-PiNP | v1234-NPP T/1234—NP;NP’ (B.7)
in which

T!2PNE 4Ntr(Ta1Ta2Ta3Ta4){tr(Ta1Ta2)tr(Ta3Ta4) + (T T )t (T2 T)
+ tr(T“1T“4)tr(T“2T“3)} : (B.8)
represents the mixed planar-nonplanar (P; NP) part,
I 4]\7tr(T“1Ta2Ta3Ta4){tr(T“lT‘”)tr(TaST‘“) + tr(T T ) tr (T2 T*)
+ tr(T“lT“4)tr(T“2T“3)} , (B.9)
for the mixed nonplanar-planar (NP;P) part and
TIZHNPNE g L (T ) (T T (T T e (T T (T T e (12T |

x{br(T 7o) (T T + (T T (T T ) tr(T0 T ) (T2 7%9) §
(B.10)
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for the nonplanar-nonplanar (NP;NP) contribution of the color structure. In total we
have six inequivalent diagrams for the one-loop four-point amplitude with the following
orderings

S4/74 = {{1234}, {1243}, {1324}, {1342}, {1423}, {1432}} , (B.11)

which only the first ordering has been shown in (B.3). The full four-point amplitude
(irreducible contribution) is the sum of all the orderings in (B.11), which can be written
as ( irr[ihj?k?l] = irr[kiakjvkkakl])

irr = irr[lv 27 37 4] —"_ Airrﬂ’ 27 47 3] + Airr[L 3’ 27 4]
A1, 3,4, 3] + Al [1,4,2,3] + AL [1,4,3,2]. (B.12)

Note that the T'234=NPiNP g invariant under exchanging any two external scalars, which
indicates its appearance for all six orderings.

In the following we present the CHY results from (4.8) for this amplitude to compare
with the results from the Feynman rules in (B.12). mj °P in (4.8) has two parts, one
for the color decomposition and one for the momentum integral. If we exclude the planar

contribution (which has been discussed in [55]) in m} °°® we have:

3
e (0D DD DD W (AR L) PUO R BT

p=1neS4/Z4 €Sp/Zp
5654_p/Z4_p

x Tr(Tn - Thw) XTr(Ti6P+1 - Tos)
=4Ntr (T T2 T*T*) x {TY(TCLITCLZ) X TT(T“ST%)mZ(Ll*P?NP) [17 2,3,4;1, 2’3,4]

FTe(T9T9) x Te(T2 T )m{ TN (1,2,3,4: 1,312, 4]

FTH(TT%) x Tr(T Ty m{ TN [1,2,3,4; 1,4|2,3]}

+five more permutations, (B.13)

T/1234 T/12347P;NP

with
and considering other permutations in (B.12). Now the loop integral appearing in (5.6)

which coincides with the color structure of (B.6) after replacing

(after some momentum shifts) corresponds to what we have in (B.6). We also used the
fact that

m{ TN 1,2,3,4;1,2/3,4] = TN [1,2,3,4;1,3)2,4) = TN [1,2,3,4;1,4)2,3].
(B.14)
The same discussion holds for the NP; P part.
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Now, the most nontrivial part is the NP; NP contribution. For this piece of the ampli-
tude from (4.8) we get

3
](1*NP§NP) =4 Z Z TI‘(Ti"l .. .Tiwp ) X Tr(Tipp+1 e Tip4) X mfll_NP;NP) [7T|,0; ")/‘5]

p:i TE€Sp/Zp,YESq/Zq
9=% p€SY_p/Zy . 0€ES4_q/Zy 4

X Tr(T™ - Thva ) x Tr(Tat1 - T74)
= 4tx(T™ TW)H(T%T%){mglfNP;N” [1,2]3,4;1, 2|3, 4]te (T T2 ) te (T2 T4
+m{ NN 2(3, 451324t (T T2 ) or(T02 T2 )
+m(NPNPI 913 4, 14|23]tr(fa1T%)tr(iwfas)}
+4tr(TalT%)tr(TwTM){mff*NP%Nm [1,3]2,4;1,2|3, 4]t (T T2 )tx (T2 T4 )

(NP1 312, 4513 24] 60 (T4 T8 ) o (T*2 T4 )
+m{INPNP) [ 319 4 14|23]tr(fa1T%)u(i’@fﬂs)}

+4tr(Ta1Ta4)tr(Ta2Ta3){mf,ﬁ*Np?N” [1,4]2,3;1,2|3, 4]tr(T 792 )tr (T 7o)
GNENPY 412, 3:13)|24)tr (T4 T ) tr (T2 T94)

(

4

+m
(I NPNP) [1,4|2,3;14|23]tr(T‘“T“4)tr(T“2T“3)}. (B.15)
We have already calculated the momentum integrals appearing here in (5.8), it contains
all the six inequivalent momentum integrals we have for the four-point amplitude, which
means all mil_NP;NP)[- --]in (B.15) are equivalent. After factorizing the momentum inte-
gral, (B.15) is exactly what we have for the NP; NP contribution from the standard compu-

T1234=NPNP after considering all permutations and momentum integrals in (B.12).

tation in

To summarize, in this appendix we have shown the exact equivalence for the non-planar
contribution to the four-point amplitude between our formula in the CHY side (4.8) and
the one from the standard method based on the Feynman rules for the bi-adjoint scalar field

theory in (B.12). The same discussion applies to higher order amplitudes at one-loop level.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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