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1 Introduction

The Cachazo, He and Yuan (CHY) formalism, which was motivated by the remarkable work
of Witten [1], provides an intriguing novel way of computing gauge, gravity and effective
field theories S-matrix elements [2-6].

In the usual CHY formalism,! amplitudes are contour integrals over the moduli space of

n-punctured Riemann spheres (M, ,,). This contour integral is localized on the solutions of
ka'k
Uabb
denote local coordinates over My, and the index “a” labels the external particles of

the so-called scattering equations, S, = Eb;ﬁa =0, ogp = 04 — 0p, Where (01,...,04)

We call this formalism the single-cover approach.



momentum k, (and polarization vector €,) at the puncture “o,”. The prescription for the
tree-level S-matrix of any quantum field theory may be given by the expression

A, = / S % A(pgr) Alpgr) x T (o), (1.1)
I

and

where, A(pqr) = opqo4r0rp (Faddeev-Popov determinant), dpChY = I Lpar dga“,

n
the I’ contour is defined by the n — 3 independent equations,> S, = 0, a # p,q,7. A
different integrand describes a different theory, in particular we focus our attention in pure
Yang-Mills and special Yang-Mills-Scalar theories. For example, for a color-ordered pure
Yang-Mills amplitude, AYM(1,2,...,n), the CHY integrand is given by,

M, ,n) =PT(. ) x PO, (1.2)
with the Parke-Taylor factor (PT) and the reduced Pfaffian (Pf'¥,,) define as

1 / (_1>i+j i
PTho. = —"—, Pt'V,, = ——— Pf[(V,,).7], (1.3)

i
0120923+ Onil Oij J

where the 2n x 2n matrix, ¥, is given by the blocks®

AT
v, = (? g > . (1.4)

These blocks are given by the expressions

n

Aab: a b; Bab:eaﬁb, Cab:ea b, a#b, Aaa:Baa:07 Caa:_zea C.
Oab Oab Oab o1 Jac
c#a
(1.5)

The reduced matrix, (\Ifn)g, is built by removing the rows and columns (i,7) from ¥,
with 1 <7< j<n.

Recently, in [7] (see also ref. [8]), we showed how the CHY approach can be written
in a new formulation in which the basic variables o, live not on CP! but on a quadratic
algebraic curve embedded in the complex projective plane CP2. Dubbed the “A-formalism”
in [7], we shall here refer to it as CHY on a double-cover (DC). At first sight it may seem to
be a complication to extend the CHY formalism in this manner. For example, the reduced
Pfaffian in the double cover representation is given by (see sections 2 and 3)

(_1)i+j
(yi +03) — (y; + 05)

. Ya + 0a
a1 Ya

Pf'OA = Pf [(mﬁ)ﬁﬂ , with, y2 = 02 — A% (1.6)

P

However, as we shall demonstrate in the present paper the double-cover formalism adds a
new ingredient to the standard CHY formalism that is much more difficult to extract in

*It is simply to verify that, 3" Sa = >0 0aSa = Y., 02 Sa = 0, on the support of momentum
conservation and on-shell conditions, i.e. k1 +--- + k, = 0 and k2 = 0.

3Let us recall ourselves that the on-sell polarization vectors, €¥, obey the transverse condition, e, -kq = 0.
The gauge symmetry of the theory is given by the shifting, e — €5 + kA.



Double Cover

1. Symmetry: GL(2,C)

2. Fix 4-punctures on the curve

1. Symmetry: SL(2,C)
2. Fix 3-punctures on cpl
3. Apply the graphical rules.

It is not necessary to solve
any scattering equation

3. Solve the scattering
equations

Figure 1. General characteristics of the single and double cover approach.

the single cover formulation. Briefly stated, it is this: after integrating the new auxiliary
variables, (y1,...,Yn, /), the double-cover formalism naturally expresses the scattering
amplitudes so that they appear factorized into channels. Nevertheless, this procedure
must be performed with care, broadly speaking, the integral over the auxiliary variables is
based on two main points:

1. The number of fixed punctures (colored vertices) over each Riemann sheet.
2. The number of arrows cut by the branch-cut when it is getting closed.

In figure 2 and section 4 we will give detail about this subject. The propagator that forms
the bridge between two factorized pieces arises as the link between two separate CP! in the
single-cover approach, thus intuitively explaining why the double-cover naturally expresses
amplitudes in a factorized manner. Since in most cases this process can be iterated, then, we
will not need to solve any scattering equation, which is one of the virtues of this approach.
In figure 1 we give a few characteristics of the single and double cover approach, in order
to reference some general differences among these two prescriptions.

It is interesting to remark that, in many cases, the factorizations obtained in this way
corresponds directly to the physical channels. Interestingly, there are instances where, un-
avoidably, the factorizations proceed in a slightly different manner: some physical channels
appear immediately, but others only resurface after pole-cancelling terms have rearranged
the expressions. This seems to lead to an intriguing connection to on-shell BCFW recur-
sion [9]. It turns out that momentum shifts that lead to poles at infinity become evaluated
in a quite straightforward way by means of the double-cover formalism.

On the other hand, several methods have been developed to compute the CHY contour
integral given in (1.1), most of them are applied to ¢ or focused on solving the scattering
equations [7, 10-24]. In this work, from the double-cover representation, we have been
able to achieve a graphic off-shell algorithm to carry out any color-ordered scattering of n-
gluons and interactions with scalar fields, resulting in an expansion in terms of three-point
amplitudes.*

4Notice that, although the methods presented in [14, 25] look somewhat similar to the one developed in
this paper, the process and the form of results obtained by us are different.



In view that the algorithm obtained in this work is an off-shell method,® then a natural

question arises, Is there any connection with the method proposed by Berends-Giele in [26]?

In order to illustrate the answer, we focus on the bi-adjoint ¢ theory (since its integration

rules are simpler [7]).

Usually, the double-color partial amplitude for the bi-adjoint ¢3 theory is denoted as

m(©)(a|B3), where o and § are two partial orderings [4]. When o = 3, we denote m(?) (aa)

as A9’ () = m(©) (o). In particular, let us analyse the five point example, A9 (1,2,3,4,5),

where the red label means an off-shell particle, k2 # 0. Following the recurrence relation

obtained by us et al. from the double cover approach (see equation (C.7) in [13]), one has

A% (1,2,3,4,5)

with, A (a,b,c,d)

the notation, kig,, . a,) = Koy + - +ka,, Saras...a, = Zi<j ka; ka; and Sqyay...a,

A% (3,4,[5,1],2) N A% ([3,4],5,1,2) N A% (3,[4,5],1,2)

Ly

Sde

1(1
S234 \ S2[5,1]

L where {k,, ky, k.} can be off-shell. We have also introduced

5934

Sda’

Pictorially, (1.7) looks like [7],

r
AN !
-7
Vd
L

534 5123

1 1 1 1 1 1 1
+— |+ — | =— F= + = — +t—,
523 534 \S12 5234 5123 \S12 523

(1.7)

_ 12
— 2 Va1,....,ap]"

Although the color in each vertex has an important meaning, as we will explain later,

roughly speaking, the colored vertices symbolize the punctures have been fixed by the

5Since all intermediate particles are off-shell, including their polarization vectors, i.e. €] - ki) # 0, and

as it is an iterative program, then, we can consider this algorithm as an off-shell method.



global isometry generators (red means off-shell), while the black one means is unfixed
puncture over the double cover sphere.5
Otherwise, Mafra was able to obtain the Berends-Giele-like currents for the bi-adjoint
¢> theory [27], where he used the Perturbiner method.” For instance, the n-point ampli-
tude, A¢3(17 ...,m), is given by the recurrence relation
3 .
AP (1, n) = I s12 01 G2 n1 G (1.9)
where, ¢; = 1, ¢op = ﬁ Yoxy_p®x ¢y, X, Y # (. The notation ) yy_p means a sum
over all possible ways to deconcatenate the word P in two non-empty words X and Y. For

example, ¢1234 = ﬁ Yo xy—1234 OX Py = @ (@1 234 + P12 P34 + 123 #4). Therefore,
from (1.9), it is straightforward to see

3 .
A% (1,2,3,4,5) = klgmo 51234 91234 05 = P1 P234 + P12 P34 + P123 P4

5

1 1 1 1 1 1 1
ST T N
5234 534 523 512 834 5123 512 523

Graphically, (1.10) is represented by the diagram,

Q N . { , (1.11)

where the dashed line is an off-shell particle (k2 # 0).
Clearly, the results obtained in (1.7) and (1.10) are related by the partial fraction
decomposition

1 1 1 1 1
_ N __ L 4 aa2
5234534 S5234(S34 — 5234)  s34(S234 — S34) 5234 S5.1] 534 S9[34)

which is the same phenomenon found at loop-level [8, 31-38].

Notice that the first diagram on the third column in (1.8) looks like the same to the fourth one. However,

they are different because during the A-algorithm process appeared spurious poles, as one can see in (1.7).
1

7 5234 895,1) 534 82[3,4]
"Currently, the Perturbiner method has been successfully used for several theories, [27-30].

For instance, the first diagram is given by the expression , and the fourth one by,




Nevertheless, although in Yang-Mills theory the double-cover approach also produces
spurious poles, such as those on the right-hand side in (1.12) (it can be checked in section 8
in the five-point example), we have no idea how to relate our method with the one de-
veloped by Berends-Giele in [26]. At four-point, the relation among these two methods is
straightforward, but at five-point, we do not know how to get it. This could be a possible
future direction in order to understand better the double-cover representation.

It is important to mention that in most of the case we will consider on-shell external
particles. Nevertheless, our method is able to support up to two off-shell gluons, such as
the example at four-point shows in section 8.

On the other hand, on the support of the scattering equations, the reduced Pfaffian
can write as a linear combination of Parke-Taylor factors [4, 39—41]

P'0, = Z PT(,p2,..n—1)m) NfTS(GQ,.--,N)\n’ (1.13)
PESn_2
where the Nlt‘rs& .n)|n terms are the tree-level Bern-Carrasco-Johansson (BCJ) numera-

tors [42] and S,,_9 is the group of all possible permutations of the labels (2,...,n — 1).
Clearly, from the expansion in (1.13), the n-point ordered YM amplitude, AYM(1,...,n),

is written in terms of the (n — 2)! ¢>-amplitudes, m(o)(l, oonlp(2,...,n—1),n), times
its corresponding BCJ factor, Nltf;’& ) Although this formula looks simple, notice that

the expansion grows quickly with the number of points, additionally, when the number
of points is large, the BCJ numerators are not straightforward to carry out. Conversely,
in the proposal given by us here, the n-point color-ordered YM amplitude is represented
just by one graph, and, after using iteratively the integration rules from figure 2, the final
answer is expressed as a product of the three-point amplitude, A?{M.

To end, it is interesting to remember that the usual CHY approach of the n-point color-
ordered YM amplitude can be seen as the d-dimensional version of the Roiban, Spradlin
and Volovich formula (RSV) [43] (which is called the connected prescription). Otherwise,
Cachazo, Svreek and Witten (CSW) proposed an alternative® formulation that describes
the same physical object given by the RSV formula (disconnected prescription) [44]. The
relation between the RSV and CSW was shown in refs. [45-47]. Since the double-cover
representation is able to express the n-point amplitude as a product of three-point building-
blocks, then, we think this is the disconnected version of the usual CHY approach. It
would be very interesting to obtain a relation between the CSW prescription and the CHY
double-cover representation.

Outline. The present work is organized in the following way:

In section 2, we give a simple review of the double-cover prescription for the double
color-ordered ¢? theory, for detail see [7].

In section 3, we introduce a new deferential form given by, Ty, do, = M%,
which is the key to define the CHY matrices in the double-cover approach. In the original

paper where the double-cover prescription was introduced [7], the fundamental object is

8Historically speaking, the CSW approach was formulated before than the RSV.



given by the expression, 7, do, = i (y“%by” + 1) dog, and although the relationship
between Ty, and 7, p) looks pretty simple,
T(ab) = <ya;%> X Ty (1.14)
a

on the support of 32 = o2 — A2 and yg = 0'% — A2, this is non-trivial.

Now, since T, is antisymmetric, we define the mapping, U%b — Tup, to translate
the most familiar CHY matrices in the double-cover language. However, the Ma,,...op
matrix [48] must be treated with care [49].

To end the section, we propose the DC integrands to compute the scattering amplitudes
of n-gluons and interactions with scalar fields.

Section 3.1 is conceptually important, since here we introduce a graphical representa-
tion for CHY integrals, as much as in the double-as in the single-cover. These graphics are
essentials in this work, because all our computations are performed over them. Addition-
ally, we clarify the color notation of the vertices.

In section 4, we formulate the integration rules, perhaps the central part of the paper.
We perform an extensive and careful analysis of the double cover representation and the
integration over the auxiliary variables, (y1,...,Yn, A).

First, we study a general situation, i.e. for any CHY integrand. In that case, we obtain
the rule-I, which basically claims that if any given cut does not encircle two colored-vertices,
then, that cut vanishes trivially. Next, we go to a particular case, the Yang-Mills integrand.
Thus, studying the Pfaffian, we obtain three more integration rules. Finally, in figure 2,
we have summarized all rules in a flowchart.

In sections 5 and 6, we compute the fundamental three-point building blocks. This
method is able to break a big graph as a product of three-point amplitudes, similar as it was
done in figure (1.8). Subsequent, we give the simplest example, the four-point Yang-Mills
amplitude. Applying the algorithm schematized in figure 2 over this four-point graph,
we obtain two standard factorization cuts and an additional (apparently) non-physical
contribution (which we call a strange-cut).

Next, in section 7, following the Pfaffian identities given in appendix B, we interpret
the strange-cuts as longitudinal contributions from some off-shell Yang-Mills amplitude.
To be more precise, we obtain the equality (up to overall sign),

g
/d,u((le_\{) X A([l,?] 34)2 X PT([1,2],3,...,n) X S L — x Pf [(‘I’(n_l))[lg]}

011,23 94[1,2] [1.2]
1
CHY 2 [1,2]4
= [ IR X AL 2B X P x < P (B ]
=A™ ([1,2],3,4,...,n) (1.15)
= 2k,

where the integrand on the first line is a generic strange-cut, and the fixed puncture, oy o),
is an off-shell vertex, (i.e. kﬁg] = ki + Kb, eﬁg] 'kﬁ,Z] #0).
We also analyze the standard factorization cuts (standard-cuts), and the different ways

to glue their resulting-graphs. It is crucial in order to obtain a recursive method.



CHY Integral

Graph Representation

|

Fix 4 Vertices
(Colored Vertices)

Cut encircling
2 colored-vertices

Cut crossing
less than 3 arrows

No

The graph is broken ut crossing
by a vector field 3 arrows
No

The graph is broken
by a Longitudinal vector
(by a scalar-like field)

Yes Cut crossing
4 arrows

No

Vanishes

Figure 2. Integration rules as a Flowchart. Given a CHY integral, we build its graph representa-
tion, section 3.1. Each vertex of the graph represents a puncture on a Riemann sphere, including
its physical parameters (momentum and polarization vector). On the other hand, the arrows of the

w 1 »
Tab
rules give a program to break any graph in terms of two smaller graphs (resulting-graphs). The

first step is to choose four vertices (colored vertices), we call to this process a gauge fixing. The
condition over the vertices, to obtain a good splitting of the graph (non-vanishing contribution), is

graph represent the factors while the reduced Pfaffian is always implicit in it. The integration

that each split part must contain two colored vertices. After getting a good splitting, we can focus
on the arrows. If the graph is split by cutting less than three arrows, then, this is a singular-cut
(section 4) and the method can not be applied, therefore, one must come back to choose a new
gauge fixing. Solving the singular-cut issue by choosing an appropriate gauge fixing, we have three
options: 1. The graph is split by cutting three arrows: in this case the two resulting graphs are
glued by an off-shell vector field. 2. The graph is split by cutting four arrows: in this case the two
resulting graphs are glued by a longitudinal vector field or scalar field. 3. The graph is split by
cutting more than four arrows: then, this contribution vanishes trivially. These rules are going to
be clearer after section 4.

In section 7.2, we basically generalize the results found previously in section 7 to more
than one off-shell particle. Additionally, we use reverse engineering to compute (applying
the algorithm in figure 2) some non-trivial standard factorization contributions.

In section 8 we apply all technology developed up to this point. Here, we carry out
analytically (and in a simple way) the five-point amplitude, A¥™(1,2,3,4,5).



In sections 9 and 9.1, we see that the same ideas developed for Yang-Mills theory are
naturally extended to the special Yang-Mills-Scalar theory. We give some simple examples,
for instance, two gluons interacting with two scalars, and four and six scalars. Additionally,
in this section we examine as the A matrix (the kinematic matrix) is factored into a product
of two matrices that involve scalars and gluons (usually denoted by W, q.o).

In section 10, we obtain a connection between the Yang-Mills-Scalar amplitudes and
the strange-cuts. In other words, a strange-cut factorizes the reduced Pfaffian, Pf'¥,,, into
a product of two Pfaffians that involve the matrix U, .., which contains both gluons and
scalars.

Finally, in section 11, we see as the soft limit, at leading order, becomes simple to
carry out after using the ideas developed in this paper.

Some conclusions are presented in section 12, and in appendix A and B, we give a small
glossary and some properties of the off-shell Pfaffians, Pf [(\Ilp)ﬂ , Pf [(\I/p)zﬂ , Pf [(\I/p)gﬂ .

In this work we describe carefully the results found by the author et al. in the recent
paper [50].

2 A brief review of the double cover representation

The double cover representation of the CHY construction is given as a contour integral on n-
punctured double-covered Riemann sphere. Restricted to the curves, C, = y2—02+A? =0
for a =1,...,n, the pairs, (o1,y1), (02,92), ..., (On, Yn), provide a set of doubled variables
(a translation table has been worked out in detail in ref. [7]).

As a fast overview, in the DC approach, a CHY-like integrand is built using the third
kind form, 7,4 do, = B (;’—Z + 1) U%b + ﬁ} dog, on the support C, = Cp = 0, and the
integration measure is given by

1 dA = Y. d " do
A Ya AYq d
dpi X Dpar) Dpartmy = | 55 % - < [[ T x 11 o7 | A Awarim)
a=1 a d=1
d#p,q,r,m

(2.1)

where the Faddeev-Popov determinants, A and the scattering equations, S7’s,

par) A (pgrim)s
are defined as (we use the notation (yo)g = Y4 + 04)

1 (yo)p [(yo)y)”

Yp Yq Yr 2 —1
A(pqr) = (yo), é)y;)q (yo), x |1 (ya)q [(ya)q]2 = (T(P#I) T(q,r) T(?”»P)) (2.2)
1 (ya)r [(ya)r]
Apgrim) = A(pgr) Om = A(mpg) Or + A(rmp) 0q = DB(grm) Tp; (2.3)
Sy = ka-kpTiap) - (2.4)

b#a

Here is important to remind ourselves where the factors, A(,q,) and A, |m), come

par
from. Such as in the single cover approach, the number of independent scattering equations,



ST =0, is “n—3”, which is straightforward to see of the identities (on the support C, = 0),

n

n n
D va ST =D vaya+0a)S; =D —— ST =0, (2:5)
a=1 a=1 Ya 1 0a

a=1

From these identities, we can read the SL(2,C) generators given by global vectors

n n
Lit =AY o Wa + 00)T 06y Lo = YaOs,, [L1, Lol = £Lu1, [L1, L] =2L.
a=1 a=1

(2.6)
The Faddeev-Popov determinant to fix the (2.5) redundancy is the factor defined in (2.2)
that we denoted by A (g
When A is promoted as a variable, the double cover formulation is invariant under the
scale transformation, (o1,...,00,91,.-,Yn, A) = (PO1, .-, POR Y1, -, Yn, pN), p € C¥,
which is generated by the vector field (on the support C, = 0)

n
D=A0A+) 0405, (2.7)
a=1
The global vectors, {L+1, Lo, D}, satisfy a gl(2, C) algebra, therefore, these generators can
be used to gauge four punctures, for example (o,, 04,0y, 0y,), and the integrand must be
multiplied by the Faddeev-Popov determinant defined in (2.3) and denoted by A4, m) (in
the A (pgrim
a gauge fixing (or initial setup).

) factor, the label “m” is referred to the scale generator). We call this process

The amplitudes are derived from the integral

-1)A A
A= [ iy x DB X R 7 ) (2.8)
r m

where the I' contour is defined by the equations,” A = 0, S7 = 0, for d # {p,q,r,m},
Cyo=0,Va.

Like in the single-cover approach, the precise form of the integrand Z (o, y) defines
the theory. For example, the double color-ordered partial amplitude ¢3-theory, usually
denoted by m(®) = («|B), corresponds to the integrand!®

3 T T
Z9(alB) = PT" (a1 0,m0m) X PT7 (81,8, 80) (2.9)

with the Parke-Taylor factors, PT7 (o, a0,...an) = T(a1,as) T(az,as) " T(an,a1) » Where
a=(a1,...,an) and 8 = (B1,...,8,) are two partial orderings (note that although 7, )
is the equivalent to o%b in the single-cover approach, this is neither antisymmetric nor
symmetric).

Similarly, other theories correspond to products of such modified Parke-Taylor factors
with additional expressions, much like in the original CHY formalism. Again, the inte-
grands for these other theories can be broken down to products of shuffled Parke-Taylor

expressions.

9The rewriting of the amplitude in terms of this contour “I'”, which does not encircle the scattering
equation S;,, follows from the global residue theorem.
10 At loop level see [37, 38, 51].

~10 -



3 Matrices in the DC prescription

Since 7(q,p) # —T(b,a)> 1t is not immediately obvious how to define the CHY anti-symmetric
matrices to describe the double-cover analog of the pure Yang-Mills, Gravity, NLSM theory,
among others. In order to obtain a double-cover version for the CHY matrices, we rewrite

T(a,b) as
1
T(a,b) = ¥9)e X Top, with Ty =-——-— on C,=Cp=0. (3.1)
Ya (ya)a - (yU)b
Clearly, Ty is an anti-symmetric form, Ty, = —Tp,, thus, we can establish the simple map,

Uib — T,p, in order to define the matrices in the double-cover representation. For example,

, l.e.
%b — Tab
Aap = ka - kp Tap, a # b and Ay, = 0. The same replacement is made for the other matrices,
B =B ,CAEC1 and U2 = U,

1 1
— =T — =T —— =T
Tab ab ab ab Tab ab

the A® matrix is obtained from the A matrix by the replacement, A% = A

. An identical correspondence

can be done for more matrices, for instance, X and'! ‘I//g\,s:g (see [48]), but, there is one

matrix that must be handled with care, the 1l,, ., matrix. This matrix has elements

m

such as, > 9k ki and we in [49] will explain how to deal with that type of

., .
vEap,jEag oy

terms.
Before analyzing the pure and scalar Yang-Mills theories in the double-cover formalism,
it is useful to see how ¢3-integrands may be rewritten in terms of Ty,

3 T - (ya)a T
7 (alB) = PT (ay,..an) X [H e P |
a=1 a

n 2

YO )a

- (H (y) > < PT (4 ) X PTG 4, (3.2)
a=1 a

where PT(, v = Tuia, Tagas -+ Taar -
Following the CHY program developed in [4, 48], the DC prescription for the color-
ordered scattering amplitudes of the pure Yang-Mills theory can be obtained from (3.2) by

replacing, PT%}}h--an) — (=)™ T, Pf[(‘llﬁ)g], Le.

ZM(a) = PT7,, x PF'U,, PO, = (1) T (
Y

1:[1 (yaa)a

Pf [(mﬁ)jﬂ) ., (33)

where (\117/})3 is built by removing the rows/columns 4, j from ¥, with 1 <i < j <n. In
a similar way, the DC integrand for the special Yang-Mills-Scalar theory is given by

M (a) = PT7 () x Z 88N ((a py) 010001 - lomo o Ty T PEUR
{a,b}€p.m.(s)
(3.4)

HYWe will come back to the \Pg,s:g matrix later.
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where, PEW,, = (~1)+ Ty, ( |TT-, 422 | Pr (w2

ij A
gsg = Ya gsig) D and Wy = Pgsig

ij 1

Tab

—Tap
Here, the set of gluons is denoted as “g” (g = {g1,...,9p}) while that the set of scalars!?
as “s” (s ={s1,,...,82m}). The symbol “p.m.” means perfect matching and, {ay,b1,...,
@m, by} = s. Since the (3.4) expansion comes from the pfaffian, Pf(X) [48], then S8N({a,b})
means the corresponding signature (more details about this theory in section 9).

Finally, the pure Yang-Mills and the special Yang-Mills-Scalar amplitudes at tree-level

in the DC language are given by the integrals

1) Apm A
AYM(.) — / gt TV A6 Bparim) | v '
Vi) = [ auy SR St o), (35)
1) Ay A
AYMS () — / g TV Bwar) Bwarim) | v '
V5@ = [y R St s, (3.6)
where (o) = (g, a9, ...,q,) is a partial (generic) ordering.

The following sections will be dedicated to the pure Yang-Mills theory. The general-
ization to the special Yang-Mills-Scalar theory is straightforward, and we will come back
to this model in section 9.

It is important to remark that due to the mormalization of the kinematic parameters
and the polarization vectors chose in these notes, we are going to obtain an extra overall

(4—n)
factor, (2) 5 , compared with color-ordered Feynman rules given in'3 [52].

3.1 Graphical representations of DC integrands

Since the method that we are going to describe in this work is based on so called the
A—algorithm, which is given by graphic rules [7], we introduce a simple graph representa-
tion for the amplitude AYM(a) in (3.5).

Like in ¢3, a Parke-Taylor factor is drawn by lines join the vertices in a sequence way.
In order to specify the ordering we replace the lines by arrows, for example

(3.7)

On the other hand, due to the factor, Pf [(\I/Q)ﬂ, is a non-ordered object, we do not

know how to build a graph representation for it. Nevertheless, there is a term in Pf’ \IIQ that

one can draw, specifically T;;, which we sketch by red arrow, namely, T;; = ¢ — j. Finally,
(=1 A

par) D(parim)
ST

so as in [7], the factor, , is symbolized by yellow vertices for (o,,04,0)

and a green one for the am—punctﬁre. Therefore, the complete graphs for the YM integrand

12YWe apologise for the abuse of notation between Maldenstand variables and the scalar particles. Addi-
tionally, notice that, p + 2m = n, the total number of particles.

13Tn order to obtain the normalization given by Dixon in [52] for color ordered amplitudes, we just need
to perform the replacement, k* — /2 kX.
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in the DC representation is'

11

a=1 Ya

-1)A A
(—1) (1;?;) (a2l PI7, ) x (~12#7T, <
4

where, without loss of generality, we have chosen (pgr|m) = (123|4) and (i,5) = (2,p). The
amplitude, AYM(1,2,...,n), is given by

AM, ) = AP (1, (3.9)

where the superscript denotes the (i,7) choosing, always with ¢ < j in order to give the
direction to the red arrow, this is import in order to obtain the cyclic property. We call
to (3.9) a YM-graph.

Obviously, when all polarization vectors are transverse and all particles are on-shell
(i.e. kq - € = k2 = 0), the above expression is independent of the red arrows and colored
vertices [3, 48] (physical amplitudes). However, when there is one off-shell particle, this
notation becomes important and that expression depends on the colored vertices and red
arrows, such as it will be shown later.

The generalization of the graph representation from the DC prescription to the single-
cover approach is simple, it is just to replace the green vertex by a black one, since the
single-cover is not scale invariant, namely

/duﬁf

On the right hand side, the colored vertices mean the punctures (o1, 09, 03) are fixed, i.e.

the Faddeev-Popov determinant, A(123)% = (0404,0rp)*. The map from the double-cover
to the single one can be seen in [7].
At last, it is useful to observe the following two properties

ARPI (12 n)=ARP (2 0 1) = APDB, 0 1,2) == ARP)(n, 1. n—1),
AP (1,2, p,.on) = ()" APD (0, p,...,2,1),
(3.10)
Notice the flipping in the superscript, (2,p) — (p,2), which is because the position of the
label “p” is first that the label “2” in the partial ordering. These identities are satisfied
even 1f the particles are off-shell.

MFrom this graph representation we can conclude that, a vertex with two black arrow is a gluon and, a
vertex with two black arrows and a red one represents a gluon such that its row/column (among 1 and n)
must be removed from the matrix.
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We would like to clarify that, although right now the notation, Ag’j)(l, 2,...,n), looks
useless, it will become important since the method developed here depends of the gauge
fixing, i.e. of the choosing of (pgr|m) and (1, j).

4 The double-cover integration rules

In this section, we schematize how the double cover formalism works. Following, we obtain
some integration rules, which are applied to the YM-graphs, in order to solve the CHY
integral.

Since the amplitudes are computed in a manner that differs in detail substantially from
the original CHY prescription, we will provide a few explicit examples. Let us start the
discussion with the integration measure of the double cover prescription, namely

sum over

all configurations

A 1 lnl Ya dYa
dun — 72 X
2 Cq
\ , a=1
symmetry
factor

S
d#1,2,3,4 ~d

ESS ) | B
Y}

split the sphere
in two pieces

where we have fixed (pgr|m) = (123|4). Like it was shown in [7], after integrating the
Yo coordinates around the solutions, C, = 0 = y, = /02 — A2, Va, we obtain a sum

over all possible configurations (cuts), i.e. 2" possibilities, where we call the sign, +/—,
the upper/lower sheet.'® For example, at six-point one has 25 = 2 x 32 possibilities given,
schematically, by'©

() (6°) (%)
AgM(la273343576): + + + -+ +---+
& NV e/

where upper/lower spheres are represent by the local coordinates, (y, = /02 — A%, 0y)
and (y, = —+/02 — A2, 0,), respectively. The neck that joins the spheres represents the
branch-cut and the branch-points, —A and A, give the width of the neck.

Integrating A (keeping A ~ O(0)), the double cover formulation factorized into two

single covers attached by an off-shell propagator (the free scattering equation in the DC for-
malism reduce to the propagator when one performs the integration over A). For instance,
let us consider the punctures {o,+1, ..., 0y, 01,02} on the upper sheet and {03, 04,...,0p},
on the lower one. The measure and the Faddeev-Popov determinant turn into!” (expanding

15Since the Zy symmetry, yo — —¥Ya, @ = 1,2,...,n, there are 2" ! nonequivalents configurations. In
other words, the upper and lower spheres are indistinguishable.

5The factor (1/2%) fixes the discrete symmetry, see [7].

'"Let us remember that in this work we are using the momentum notation, ki, ..., ap] = kay +-+ka,,

~ _ ) _
Salazmap = Zi<j kai ° kaj and Sn.ln.2.4.ap =
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around A = 0)

dpy

3,4,...,p A Sp+1 Sn

(—=1)Aq23)A123)4) P12

S1

25 1 -
- E(JU T2 fup] Ofuplt)” [~ ] (0down)3 034 Oajdown))” + O (A72) .
S34...p

3,4,...,p

(4.2)

The two new punctures, oy = O[pi1,....n,1,2] a0 T(down] = O[3 4,...,5]; are fixed at the point,
“Olup] = Oldown] = 0”, on the upper and lower sphere, respectively. It is import to remind
that the sub-index at the puncture is related with the momentum of the particle, e.g. the
punctures o[, 1. 51,2 and o34, are particles with momenta, k11, n1,2) and k34, s
respectively (off-shell particles). ThlS process is exemplified in the following figure,

.o — Could be (4.3)
| ‘ | : non-Zzero,

where we have introduced the red vertices to point out they are off-shell particles (o
and O(gown])- Since over each sphere there is a single-cover prescription (see (4.2)), then,
three punctures must be fixed by the PSL(2, C) redundancy. Thus, this is the reason why
the first graphic in (4.3) vanish trivially (the PSL(2, C) symmetry has not been completely
fixed on the upper sphere).

This analysis gives us the first integration rule [7]

o Rule-1. All configurations (or cuts) where there are less (or more) than two colored
vertices (yellow or green) on each branch, vanish trivially.

For simplicity, we represent a cut (or configuration) over a YM-graph by a dashed red
line, which separates (encircles) the punctures localized on the upper (or lower) sheet. For
example,

(4.4)

where cut-1 vanished trivially by rule-I, but cut-2 could give a non-zero contribution.
4.1 Specific rules

The rule-I is a general rule which works for any integrand Z%(o,y). In this section, we are
going to formulate some integration rules which depend on the integrand similar to those
discussed in [7] for ¢3.
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Following the rule-1I, it is enough to focus on all possible non-vanishing configurations.
Expanding the YM integrand of each possible non-zero cut around A = 0, we notice that

PT(T ny X Pf’\IJA ~ O(AY), The dashed red line cuts more than four arrows.
PT( % PIUA ~ A* + O(A?), The dashed red line cuts three or four arrows.
PT( ) % PfUL ~ A2+ O(A%), The dashed red line cuts two arrows (singular cut).
(4.5)
Therefore, considering the expansion obtained in (4.2), the next rule is obvious

o Rule-1I. If the dashed red line cuts less than three arrows over the YM-graph, the
integrand must be expanded next to leading order. If the dashed red line cuts three or
four arrows, the leading order expansion is sufficient. Otherwise, the cut is zero.

This rule is equivalent to the A—theorem given in [7].

Finally, the last rule we are going to formulate is only applied when the leading order
expansion is sufficient, i.e. when the dashed red line cuts three or four arrows.

First, let us consider the case when the dashed red line cuts three arrows over a
YM-graph (see cut-2 in (4.4)). The only way to break the Pfaffian into two pieces is by

introducing new polarization vectors, one for each new puncture (one for 0[ and one for

up]
Oldown]) [3, 14]. For example,'® let us consider the four point matrix, (U4)13, and let us
expand its Pfaffian around A = 0 when the punctures, (o1, 02), are on the upper sphere

(while, (03,04), are on the lower one). It is straightforward to check the leading order

expansion
B I ) 7
_ B4 erks
0 O34z 012 C22
6[T3’4]-k2 0 6{14]-61 6{3‘4]-62
1,2 0' g
Avia7 |22 921 930.2) 013,4)2 O[B4 O[3,4]2
Pt [(Wh)13] ‘ o Z Pf . X
34 2 €1-ko 113,4] 0 €1-€2
g12 J1[3,4] g12
€o-€l.
[3,4] €2-€1
I Ca2 o3 4] - 0 |
_ ok -
_ 2™ ezka
0 I11,2]4 034 C44
Fra ke Doy ug©
0(1,2]4 0(1,2]3 J[1,2]4
Pf [1,2] [1,2] [1,2] +O(AO)
€3-ka €3°€[1.,2) 0 €3-€4
034 03[1,2] 034
646
[1,2] €4-€3
I Cuaa i o3 0 ]

o? T3[1,2]
_ 4[122]A23 1,2 ZPf [ [g jﬂﬂ Py [(%)H:gm

(4.6)

8Here, we are assuming the dashed red line is cutting two arrows of the Parke-Taylor factor, i.e.
1,2
PT7, ~ A%
(1,2,3,4) 3.4
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19 _ (k| 2kpa — _ (eaks | cabp _ _
where,"” Coy = (021 + oo ), Cyy = <U43 + i ) 01,2 = O[34] = 0, and the

new polarization vectors, (6?3# ap eﬁ” 2]), must satisfy the identity, > e@“ n eﬁl”z] = n". The

same phenomenon is observed to higher number of points. Thus, we have one more rule,

o Rule-Illa. If the dashed red line cut three arrows over a YM-graph, there is an off-
shell vector field (gluon) propagating among the two resulting graphs (standard-cut).

v
[down)]

These two resulting graphs must be glued by the identity, >, 6671’; 1€ = ntv.

On the other hand, when the dashed red line cuts four arrows, the Pfaffian (Pf [(\Ilﬁ)zﬂ )

breaks spontaneously into two pieces. For instance,?’ let us consider again the matrix,
(IH13, and let us expand its Pfaffian around A = 0, but now, when the punctures, (o1, 03),
are on the upper sphere (and (03, 04), are on the lower one). It is simple to show that the
leading order contribution is given by

1,3 202 o2 . . .
Pr ()] ‘ _ 2% %o (€1-€3) o (€2-€4) (Ko k4)+(’)(A_2)

2,4 A4 J13 0'54
ka-ks _€ako
0 024 Ca2 042
2 2 €1-€3 kq-ko _e2ks
_204[1,3] T21,3] «Pf 0 13 | pf | 742 0 024 Cas —|—O(A72)
- A4 ee1 ) C €2-ky 0 €2-€4 ’
o031 22 024 024
€4-ko €4-€2
042 C4 042 0
(4.7)
_ _ (e2ka | €2Fp3) _ _ (eaky | €akpg _ _
where, Cog = ( oo + a5 ), Cyy = ( o1 + s, and 024 = O[1,3] = 0. The

same behavior can be checked at higher number of points. Finally, notice that the matrices
in (4.7) do not have any rows/columns associated with the new punctures, o 4 and o7y 3.
So, we have the last integration rule

o Rule-IIIb. When the dashed red line cut four arrows, the YM-graph breaks spon-
taneously into two resulting graphs, which are written in the single-cover language
(times a propagator given by (4.2)). All rows/columns related to the new resulting
vertices (punctures with four arrows) must be removed from the resulting matrices.

We call to this type of cut a strange-cut, since it produces spurious poles, such as we will
show in the next section.

In general, a puncture with four arrows represents a scalar particle [7] (we will come
back to this point later). Nevertheless, in pure Yang-Mills a puncture with four arrows can
be interpreted as a longitudinal gluon, it will be explained in detail later. Therefore, this
means that two new punctures, o[y, and o(qowy), are longitudinal off-shell gluons when the
dashed red line cuts four arrows.

19Tt is useful to recall that, € - ki34 = —€2 - k1 and €4 - k1 9) = —€4 - k3.
20Here, we are assuming the dashed red line is cutting four arrows of the Parke-Taylor factor, i.e.

1,2
T ? 4
PT( 25,4 aa A
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We would like to draw attention to the importance of the green vertex. This is dif-
ferentiated since its scattering equation is responsible for generating the propagator of a
given cut, via equation (4.2).

As a final observation, in order to formulate a well-defined method, we remark that
the integration rules obtained in this section are independent of the embedding. The only
thing that one must keep in mind is the following additional rule

o Rule-1V. The number of intersection points among the dashed red-line and the arrows

is given mod 2.

This means that when the dashed red-line cuts an even number of times an arrow, it is
always possible to find an embedding such that the dashed red-line does not cut with that
arrow. In a similar way, when the dashed red-line cuts an odd number of times an arrow,
it is always possible to find an embedding such that the dashed red-line cuts just one time
with that arrow.

5 Three-point building-block

Before giving simple examples, it is going to be useful to introduce the three-point functions
that will work as building blocks. Additionally, in appendix A we give a small glossary in
order to remember the notation.

The first three-point function, which is important to remark its normalization, is the
biadjoint ¢3 computation

[a]

CHY 2 2 CHY
/ dug™" X (OLa]s) O1el1 lelfel)” X PT{ja o1 1c) :/ s A = 6

[el [b]

where the punctures are off-shell, kﬁ.] # 0 and kiy) + kpp) + kg = 0.

It is obvious to note that any three-point computation is just algebraic, i.e. there is no
an integral (its integration measure is trivial, du§™"Y = 1). Therefore, for the rest of the
paper, we will always omit the symbol [ du§™Y.

Additionally to the ¢® normalization, the off-shell (k‘[zl] # 0 and ki, + k) + kg = 0)

three-point building-block for the Yang-Mills amplitudes is given by the expression

[a]

AYED (0], 1], []) = A = ()] O pic] Ofelfa)) > X P T (fal 1))

[e] [b]
O R R
e ope Gl
(—1) ke €la] '] €fa]*Cle]
« A pf | lalle) Oalib]  Ilallc]
Ola][b] ke €l €al 0 €[6] €[]
Obllc]  Ibllal [b][c]
C €l '€la] €l €]
|Vl o o) |
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= (€[a] €10)) (€16 () — (€] €1 ) (€[a) “Kie)) (€[] €1a)) (€8] )

V 1
= €T {2 [mw(k[a}—k[b])p+77up(7€[b]—k[c])u+77pu(k[c]—k[a])u]}

1
+ 5 L (6o Fta)) (€€t = (€e) ) (efag-€ep)
(5.2)

where Cjgjg = — <% + %) and €[ - k) = 0. Notice that the transverse constraint,
€¢ kg = 0, is a necessary and sufficient condition to obtain an expression independent of
op;)’s (the PSL(2, C) symmetry). In addition, the polarization vectors, €[, and €}, are not
necessarily transverse, i.e. € - kjq) # 0, € - kjpj # 0. This is an important fact since we
will need to apply the rule-Illa to glue YM-graphs (3, e[rl’l’;} eﬁi)} = nhv).

Clearly, the three-point building block obtained in (5.2) is not the three-point Feynman
vertex (it has a correction which depends on the transversality of €[, and €[)). Therefore,
this means that the integration rules proposed in this paper are neither the Berends-Giele
method nor the usual Feynman rules.

It is trivial to see that under the transversality conditions, €[4 - ki) = 0 and €py) - k) =
0, (5.2) turns into the very well known three-point amplitude (the three-point Feynman
vertex), A{MD ([a), (0], [e]) = (ea) - ey) (e - Fia) + (et~ €1) (et * ki) + (€1 - €1ag) (€] - oie)-

Finally, notice that although we have chosen a particular gauge in (5.2), i.e. (i,7) =
([al, [b]), by the properties in (3.10) one can always carry any off-shell three-point amplitude

to the form, AL ([a], [0], [c]).

6 Simple examples

In this section, we show simple examples to understand the DC integration rules. First,
we start with the simple amplitude, AYM(1,2,3,4). Next, we schematize the five-point
computation in order to introduce new concepts. The Yang-Mills amplitude at five-point
will be computed explicitly in section 8.

Before going explicitly to the computations, it is useful to understand which vertices
are fixed after using the integration rules, i.e. over the resulting graphs. By the rule-I, a
resulting graph inherits two fixed punctures from the gauge-fixing set, {p,q,r,m}. Addi-
tionally, as it was explained in section 4, the two new emerging punctures, (O’[up},d[down]),
are also fixed, therefore, we can conclude that over a resulting the three fixed-vertices (since
those graphs are in the single-cover representation) are given by the set

{Fixed punctures} = ({All punctures in the graph}N{p, ¢,r,m})U{off-shell punctures}.
(6.1)

It is important to always keep this expression in mind, because our algorithm depends of
the gauge fixing.
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6.1 Four-point

First, we set the gauge fixing, (pgr|m) = (123|4). So, in order to avoid singular configura-
tions (see (4.5)), we choose the red arrow to join the vertices, (7,7) = (1,3). Applying the

<0

cut—2 cut-3

rule-I one has

cut—1

(6.2)

Using the rules-II, III and the expansion in (4.2), the cuts become

2l
O
4

. 5 ) (1) ) O3, AP (3,417 1, 2)x A (1, 2)7 3, 4)
3 . 534 34 ’

341" 4 3

cut-1

. -y (L) ] -2 ALV (2,87, 4)x AP (3, 4,117, 2)
- 514 §14 )

cut—2

- Asw- A

(6.3)

where let us remind the red vertices mean they are fixed and off-shell punctures. Notice
the upper index “r” over the red vertices, for instance [ay,...,a;]”, means the off-shell
punctures, o[, _4,], have as associated polarization vector, 67[;17 .... a]"

As it was said above, the four black-arrows on the off-shell punctures over the resulting
graphs in cut-8 mean all rows/columns related with them must be removed from ¥ matrix
(rule-11Ib). In other words, these off-shell vertices have an associated polarization vector
proportional to their momentum, i.e. longitudinal gluons. The explicit computation will
be performed in (6.4), and in the next section we will give more details about this issue.

Using the three-point off-shell building-block, Aé[a]’[b})([a], 0], [c]) given in (5.2), and

T’VQ] = n*”, it is simple to compute cut-1

the gluing identity, > e[r3“ 4 €[

5 AP (13 47 1,2)x AP (1, 2)7 3, 4)

534

cut-1 =

2
= (5) X {—(61'k2)(€2'€3)(k3'€4)—CYC(1,2,374) +(€1-ka)(e2-€4)(ka-€3)+cyc 2.4 3)

+8§(61~62)<63'64)} )
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Analogously,

s AL 2 31 4) x AP (3 14,1)7, 2)

514

cut-2 =

= cut-1 ,
(1727374) % (4717273)

with, > e?é‘f 3 67[:11:1] = nhv.

Finally, to compute cut-3, we just read the resulting graphs, namely

[2 4]

32 0 <fres
_ (01[2,41072,413031) xi Pt 713 | = (e1-63),
(01[2,4]0[2,4]1) (0[2,4]30’3[2,4]) 013 &€

w

S04 _ _ €ea-ko
(1,31 0 024 C22 042
Saz. _e2'ka
(02[1,3]0[1,3]4042)2 T4z 024 Caa .
N (o o ) (@ o ) <P Cyp 2k ey | (e2-€a),
[1,3]1202[1,3] [1,3]1404[1,3] 22 oo oo
c whocy w2 0
(6.4)
_ _ (e2ka 62']&'[1’3]) _ <€4.k2 e4-k[1,3])
where, Cog (—@4 + ol and Cy4 e s ) Therefore
cut-8 = (61 . 63)(62 : 64) . (65)

It is straightforward to check that, in fact, AYM(1,2,3,4) = cut-1+cut-2+cut-3.
As a final remark, it is interesting to see that the strange-cut & is related with the
quartic vertex, Tr ([Au, AV]2>. First, notice that the cut-3 can be rewritten as

cut-3 = € € e €} [mupnus) - (6.6)

On other hand, the color-ordered contact vertex is given by?!
2 3 H v _p_0 1
>< =€ €€63¢4 |:77,up771/5 ) (nuunpé + 77u677up) . (6.7)
1 4

Clearly, the first term matched perfectly, but, the others two are not present in cut-3. This
fact confirms that the integration rules proposed in this paper are not the Feynman rules,
as a consequence, we obtain spurious poles.

6.2 Five-point

Like in the previous example, we choose the gauge fixing (pgr|m) = (123|4). Additionally,
to avoid singular cuts (see (4.5)), we pick out the red arrow among the vertices, (i,j) =

21See Dixon normalization in [52].
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(1,3). Thus, applying the integration rules, one has the cutting expansion

1

AL (1,2,3,4,5) = /duQS

This expansion has been verified numerically and we will compute it explicitly in the last
section.

Since one of our objectives is to describe a Yang-Mills CHY-algorithm, we need to
understand how to apply the integration rules over the resulting graphs. For example, in
the ¢? algorithm obtained in [7], the resulting gauge firing can not be modified on the go
to compute the resulting graphs. As an illustration, let us consider cut-2 in figure (6.8),

1 2 5 11,21

5, AP (3 4 5] 1,2) x A (1, 2] 3,4, 5)

5345 ’
7IJ/ r v

€3 € = M

rules can not be used over the resulting four-point graph because there is a singular cut (a

where the graphs are glued by the identity, . Clearly, the integration

configuration that cuts two arrows). A naive solution would be just to change its resulting
setup, e.g. by moving the red arrow, (,7) = ([1,2],3), to the one that joins the vertices,
(1,7) = ([1,2],4). However, a simple numerical computation shows a mismatch,

1,21 11,21"

ZV/@CW #ZV/WCHY u

134,5" 134,5)" 3

(6.10)
with Z [3 4,5) [Tluz] = . This fact is a consequence that the polarization vectors, 6[3“ 45
and 6[1 g € not transverse (ef. €13,4,5] k(3,45 # 0, 6[172] ~kj1,9) # 0). In the next section, we

are going to solve this drawback.

7 Longitudinal and transverse gluons

Additionally to the standard factorization cuts, where a YM-graph is splitting in two
smaller ones with an off-shell gluon propagating among them (standard-cuts), we have also
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obtained some strange contributions (strange-cut), with no obvious physical interpretation.
In this section, we study these strange-cuts.

Under the gauge fixing, (pgr|m) = (123|4) and with the red arrow over, (i,j) = (1, 3),
a generic strange-cut encircles the vertices, (1,3,p 4+ 1,...,n), produces the following two
types of resulting graphs

[2...p] p+1 p [1,3p+1..,n] p [1,3p+1..,n]
.

. 2
CHY . _ k[1,37p+1,---7n] duCHY
(p=1) 5 =T 9 | Y-,

CHY
/ dlu’(nfp+3)

2 o

where we used the property-I (appendix B) to obtain the equality. Notice that from the
13 [27477p]

rule-I11a, the associated matrices of these two resulting graphs are given by, (Vg s.q); 5 24 p]

and (\Ilg’S:g)Héii}?::.;ﬁ]’ where the gluon and scalar sets are given by the particles, g =
{1,3,p+1,....,n}, g = {2,4,5,...,p}, s = {[2,4,...,p]} and s = {[1,3,p + 1,...,n]},
respectively. In section 10, we will come back to this point.

Using (7.1) and the property-II of the appendix B, we obtain the identity

[2..p] pet P [1,3p+1..0n) (2,01 pet b 113 p+1mt

CHY i CHY - . _ CHY cny o
fos T fomi A o foimea T Jomg ]
L

3 1 3 1 4 2

(7.2)

M v
ki2,4,5,....0) F1,8,0+1,...1m)

k25,0 RL8p41, 0]

4 22 L, L
with,* >, €12,4,5,....p) €[1,3.p+1,...n]

It is clear that this equality give us the following physical interpretation for the

strange cuts

o All strange-cuts can be rewritten as a product of two YM-graphs, which must be glued
by a longitudinal gluon.

For example, it is trivial to verify that the result found in (6.5) for cut-3 can be rewrit-
ten as, cut-3 = ( 2 )ZL APAD (19 412 1,3) x ALED (4 [1,311,2) = (e - e3)(ea - ea),

S24

Ly _ Maa s

. . . . . L.p
where the three-point building blocks are gluing by the identity, ), €124) €113 = Fpa Bl

(longitudinal gluons).

7.1 Transverse gluons

On the other hand, despite to the result obtained in (7.2), we still do not know how to deal
with some resulting graphs, for example, the four-point in (6.9).

22This identity can be easily extended to another setup.
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Nevertheless, from the properties-II1, IV in appendix B, it is straightforward to obtain
the following identities for a general standard cut

p (p+t..nt 2t p p+t, .n 1,21

+
/ du@y) = (=) / du(cpH% / :

Lu " 3 L, w
ot 1,2] 1. n,12) €lo1.n1,2) " Flpt1.n1,2)

IS
w

T T T T
[34..p] p+1 P [p#t.n1,2] [3.4..p] p+1 p [p+t, .0 12]

- ¢
CHY CHY j _ CHY CHY !
T T

2 1 4 3 2 1

.
(3,40 p) pet o tpetont2l 134,01 pe1 b (petn 1, 2)A

;
> [ i ]S i /du%ﬁaz g) =3 i E i fagmt

2 1 4 3 2 1 4 3

(7.3)
where we have picked up as the initial setup, (pgr|m) = (123]4), the red arrow from,
(t,7) = (1,3), and the gluing identities are given by, » . [?’)“4 . ’[”p’er nig = v,

Tu uv k[%A ,,,,, p kfpﬂ,.,.,n,l,z] Au o
ZT 347 7p] [p+17 7n7172] = k[3,4 ,,,,, p]'k[p-ﬁ—l,.“,n,l,Z] and ZA 6[3 4,.. 7p] [p+17 7nv172] =7
2k kY
= [3.4,.0., ]k [ptl.m12 - Notice that the last equality is a consequence of the first two ones.
[3,4,...,p] *[p+1,...,n,1,2]
For example, it is not hard to check (numerically) the equality
[1,21" 1, 2]A
Zv /dMCHY Zv /dMCHY 7
[3 4, 5] (3.4 5] 3
(7.4)
b b A7 k
where, > e%’f 15] 67{1’”2] =n" and Y 4 6[3’25] 0 2] = % This is very important

to observe that the integration rules can not be applied on the left-hand side, while that
on the right-hand side they work perfectly.

Up to this point, under the identities set down in this section, we are able to write
an ordered on-shell YM-amplitude as a sum of the product of two smaller partial off-shell
YM-amplitudes, which must be glued by off-shell gluons. However, it is important to
remark that those graphical identities proposed here involve only one red-vertex over each
resulting graph (off-shell gluon). In the next section, we will refine the gluing process to
go beyond more than one off-shell puncture.

7.2 More off-shell gluons

Since the above identities can only be applied to graphs with one off-shell particle, we
need to discuss what happens when there is more than one red puncture; this will help
us to develop a graph-algorithm for more general cases. In other words, we would like to
generalize the properties given in appendix B.
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Let us start by considering the following simple example, the cut-2 given in (6.9).
Using (7.3), it is enough just to focus on the graph

[12] [12]

/ duCHYZ - / dpd Zl . (7.5)

Such as in (6.3), applying the integration rules and from the expansion in (4.2), this graph
turns into

5 11,2"

/CMZI =

4 3

A§[172]7[374])([17 2].»‘17 [3’ 4]7”7 5) Ag4¢[51172])(4’ [5’ 17 2}1“7 3)

S5[1,2]

[3,5] 5 3

4 (1,24 [4.1,2)

(7.6)

+Ag[17273]v4>([1, 2,3]",4,5)x AL (4 5] [1,2]4, 3)

554

with, > €. 6[34 Ef)l’l g = 1" and > € 6[1 93] [ } = n". The computation of these terms is
straightforward and the final result has been checked numerically. Note the emergence of
the spurious pole, S5y 9] = ks - (k1 + k2), which does not appear in any known method
before.??

This example showed us that the z'ntegmtion rules work perfectly over a YM-graph
with one off-shell particle (k:[1 9] # 0 and 6[1 9 - kpg) # 0). In fact, we have successfully
tested them over bigger graphs and with more than one off-shell particles.?* Therefore, we
claim that our graph-method is recursive over YM-graphs. Now, we want to know what
happens with the strange-cuts, i.e. Can the conjecture in (7.2) be generalized to more than
one off-shell puncture?

In order to answer this question, let us consider the first strange-graph in (7.6),

[3 5]

= (6672] - €4) . (7.7)

4 1,214
Following the properties-I, II (appendix B), we are interested to compute the graph

1361t

55— K

1,2
= (e4- k[3,5]) (Eﬁ,Q] : k[3,4,5]) + f” (63,2] “€4). (7.8)
! RO

ZThese kind of poles are a direct consequence of the scattering equations, similar to the linear propagators
that appear at loop level [8, 31-36, 53-55].

*4n this approach is enough to consider up three off-shell particles (the PSL(2,C) symmetry). In order
to extend these ideas to more off-shell particles, we must introduce the off-shell scattering equations.
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Notice that, although eﬁzg]

the condition, eﬁ 2" k(1,29 = 0, since the desired result is independent of terms with the

is not necessarily a transverse polarization vector, we can impose

form, eﬁ o * ki So, we now are able to reproduce (7.7) from (7.8). This result is easily
generalized to three off-shell punctures

lc] [e1t

2 A B
[c] [b] [a] .

N
(518 (a1? 1618 @A | e e

sf?l] -k[a]zs[B;)] k[b] =0

with kjg) + kpp + kg = 0 and k‘[zﬂ # 0. Obviously, when the punctures “[a]” and “[b]” are on-
shell (k[za} = k:[Qb} = €[q) Fla) = €pp) Ky = 0), we obtain identity found in the previous section.
The same behavior has been seen over bigger graphs, so, we propose the generalization

lel 1 terlt 4
. q

. ) ‘
d,,CHY = /d CHY n-3 7.10
/ o, B kz} —|—k2 _kz X o, ) ( )
€

e (o] [a] L
(018 (a1t (618 @ | Gd e

e*[’i] ‘k[a]:eﬁ] k[b] =0

with, k[a] + k[b} + k:[c] +ki++ k(n,g) = 0 and k[QZ] # 0, [i] € {[a],[],[c]}. Let us
remember ourselves that on the left-hand side the polarization vectors, e‘éj“ and eﬁ]’“ , are
not necessarily transverse, however, on the right-hand side, we impose the transversality
condition to carry out the computation.

On the other hand, the generalization of the second strange-graph in (7.6) is given by

[cl

k2 _k.2
C
/\ — % X (eby - €q) . (7.11)

tp1P q

P,p P

where, unlike to the graph in (7.9), the polarization vector € must be transverse (e
ki) = 0), this in order for the computation to not depend on ¢'s (PSL(2,C) symmetry).
Note that we have only considered two off-shell punctures, k:[QC] £ 0 and k‘%p] # 0, which is
enough since after gluing two strange graphs, such as those given in (7.10) and (7.11), one
must obtain a cut from a YM-graph, who can just have up to three off-shell particles.
Following the properties-1, II in appendix, we should focus on the graph (let us remind

that 6[];} ‘ /{I[p} =0)

2 1.2
- A _ ki) . ki) y (GL};] ceg) = /\ (7.12)

1P Lip_ ph p1P q

e e

Visibly, we obtained a matching with (7.11).
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The same behavior is observed at four and five points, therefore, the generalization of
the identity obtained in (7.2) is direct

lel 1 m-3 [c] [c] 1 m-3 (1t
/dﬂCHY& /d‘uCHY . ; -9 Z /dlLLCHY : én_g /d,LL,gLHY1' E ,
1018 ta)® 1p1? a ms O 6@] [a]= [b] k[ =0 1P a
(7.13)
L.y Ly k[c]k[ O] : P :
where, >, €d € = TR AT, R and with €] kip = 0. It is useful to remember that
[e] "7 [b] Tla]

each graph satisfies the momentum conservation condition, ki, +kp)+kjq+ki+--+kn—3 =
k) + kpg + kjop + k1 + -+ + k-3 = 0, additionally, the forward limit, kg = —kj¢), must
be imposed in order to glue the graphs.

7.2.1 Standard-cuts

Naively, one can think to achieve a recursive method the identities in (7.3) should be
generalized. However, when there is more than one off-shell particles with non-transverse
polarization vectors in a YM-graph, this generalization is not possible. Furthermore, notice
that the (7.3) relationships are not enough to carry out the four-point resulting graph
obtained from the cut-8 in the five-point amplitude. For instance, applying the third
identity given in (7.3) over the cut-3 in (6.8), one arrives

4,5 11" 14,514 1

cut-9 = —x duSHY /dcm’ ,
523 ZA/# 823 ZA a

231" 12, 3]

(7.14)

2”“[451 k.3

Ap  Av _
where, > 645 1 [2 3} =n" and ), €4'51] 6[2:3] =yt — W Clearly, the integra-
tion rules do not work over the above four-point graphs.
Fortunately, we have found two ways to face this issue, the first one is simple and
intuitive, and the second one is more systematic.

o First-method
The idea of this method is to use reverse engineering. First we decompose the vectors
[ ] , in two sectors, transverse and longitudinal, i.e. Zr €l i 5 1] [2 3] = ZT €14, 5 162, 3]+

) Ly ) Tv _ v _ [451] L, LZ/
S el where, Sk eply = n Faoa e 04 2L €051 623
EF kY.
_[45,1]7[2,3] . .
Fios ) Fpal” By the property III in appendix B, over the transverse sector, we can

move the red arrow in the four-point graph from (4,7) = (1,[2,3]7) = (4,5) = (1,4),
and now the integration rules can be applied.

On the other hand, although over the longitudinal sector the same trick doesn’t
work, we can make use reverse engineering with the help of (7.2) identity. To be
more precise, from the properties-I, Il of the appendix B, it is straightforward to see
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the equality,

/d/,LCHY k[24 [145] /d CHY@ 715

4 [2, 3] [2 3]—>k5[2 3] [2 3]

Clearly, the right-hand side graph is trivial to be computed via the integration rules,
however, it has a strange shape. Furthermore, observe that the matrix associated with
14(2,3]
14[2,3]
and s = {[2, 3]}. In section 9 we are going to discuss a little bit about this matrix.

this graph is, (Vg ¢q) where the gluon and scalar sets are given by, g = {1,4,5}

This method can be extended to a higher number of particles or more off-shell
vertices.

e Second-method

The second method is based on the cross-ratio identities [13, 16]. For instance,

in (7.14) the scattering equation, S5 = 5L 4 2523 4S54 — (), implies the cross-ratio

051 05(2,3] 054

identity,

[2 35 ( 91[2,3]945
845 [2 315041
four-point graph in (7.14) becomes

[
/dHCHY 23]5 /dMSHY 7 (7.16)
545 J

231" [2 31" 4

) =1or §54 PT(4 5,1,[2,3]) + 55[471} PT(4’1’57[2’3]) = 0. Thus, the

now the integration rules can be applied easily.
Let us consider one more example, the five-point off-shell graph,

1

123"
/ dpu$tY’ . (7.17)

5 4
On the support of the scattering equations, S5 = 5L + S5[23] 4 S04 Sse

051 05[2,3] 054 056

0 and Sg = 5211 + % + igi + fr‘;; = 0, it is straightforward to get the cross-

ratio and the BCJ-like identity, 8456 + 35[2,3) (%) + 82,3 (m) =0 and

05(2,3]041 06[2,3]041
PT 45,6123 5456 + PT(45,1,6,2,3)) (8456 + 861) + PT(4,1,5,6,[2,3) (8456 + S5,611) = 0. So,
by using these identities, the five-point graph in (7.17) may be rewritten as

1

55[2,3]) /d CHY 6 ‘ <§6[2,3}> / CHY 6 e.
Evmm— Hs + | — dﬂ ) (718)
< 5456 5456 )‘4

5 123" 1 [231"

<§456 + 5[5,6]1> /dluCHY5 . (5456 + §61> /dluCHY5 6
5456 5 5456 b ’

6 123" 4 123"

(7.19)
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respectively. On the second line, we obtained two YM graphs that can be computed
by using the integration rules. On the first line, a new type of graph has arisen,
and although we do not know its physical mean, the integration rules work perfectly
over it.?>

From simple examples, we have presented two more ways to deal with that kind
of graphs. A generalization of the graph in (7.17) is given by

P [a]

[ angty 1 (7.20)

[e] [b]
where, k: 1 70, €k # 0, [i] € {[ ] [b]}, and k[c] #0, € = 0. Such as in above
examples on the support, 51 = =5, =0, the cross—ratlo 1dent1ty, Sep.pt =0,

and the BCJ-like identity, P T([cm, plal o) Seltp F P (e, la)p ) (Sl Smp)
“+ PT(q,1al 1, p8) Bld1.p T Sla][p,...,1]) = 0, are satisfied. Thus, using one of these
two identities, we may rewrite (7.20) and apply the integration rules.

8 Examples

As a final illustration, in this section we would like to apply the previous ideas to compute,
explicitly, the five-point amplitude AYM(1,2,3,4,5). The plan is to write its five cuts in
terms of the three-point building-block, AYM.

Before computing the cuts obtained in (6.8) from Ag1,3) (1,2,3,4,5), it is useful to carry
out the off-shell four-point amplitude,

A([a [c] (la],b,[d],d) = /d/h; Z

{ D (al, b ", )< AFTD (] [d ) b) | AL (0[], ) AGHD (e, d [a). b)
Sdla] 5(cld

ASi o) d’ [0’7 C] ’ b)

Sbd

x ALPAD (b, )" [al, [e])]

+QZ
L

"
where, 32, €3 €lay = iyl = 1" Lo o = _% an the part-
cles, “[a] and [c ] can be off-shell and non-transverse, i.e. k: 7& 0, k:[c] # 0 and €[y kg # 0,
€ - k) # 0. Let us keep in mind that the momentum conservatlon condition is satisfies,
ko) + kb + kjg + ka = 0, and the particles, “b” and “d”, are on-shell and transverse,
kg = kg =€ - ky = €4 - kg = 0. This four-point result has been checked numerically.

Using the off-shell amplitude, Al(l[a}’[c])([a], b, [c],d), and the methods proposed in this

work, the five cuts obtained in (6.8) for the amplitude, AEM(l, 2,3,4,5), are given, explic-

” is in the numerator.

25Let us recall that the dashed arrow (anti-line) on this graph means the factor “c4¢
In addition, so as in [7], when the integration rules are applied on this type of graphs, the anti-line subtracts

in one the total number of arrows cut by a given configuration (dashed red line).
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itly, by the expressions

AP (51,97 3,4) x ALBD (12,3, 4] 5)

834

APBAD (913 4,57 1) x AT ([1,2)7,3,4,5)

5345

(R A s < AL
5451

_ oy AV 1,358 2) x AN, 2,415
B T 524

AF*HI([2,4,5)%,1,8) x AP (1, 3], 2,4,5)

T S245
cut—5
M kv
26 Y Ly Ly _ Makp o o :
where®® 3" €l 1 =1 and ), il € FoEo Finally, it is not hard to verify that,

AYM(1,2,3,4,5) = —(cut-1 + cut-2 + cut-3 + cut-4 + cut-5).

As a last point, notice the non conventional structure of the poles, for example, in the
cut-1 and cut-2 one has, S5[3 4 and S5[1 9] = —85[3 4], respectively. This fact is a consequence
from the scattering equations and the (4.2) expansion.

9 Special Yang-Mills-Scalar theory

After giving an extended analysis and obtaining an alternative algorithm of the pure Yang-
Mills theory in the CHY framework, the generalization to the special Yang-Mills-Scalar
theory is simple.

The Lagrangian for this theory is given by the expression

1

Lyms = —Tr 1

v 1 g’
FuF" + D' Dy’ =73 0!, ¢7] | (9-1)
I#J

26To compute the cut-3 we used the second method developed in section 7.2.1.
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where the gauge group is U(/N) and the scalars have a flavor index from a global symmetry
group, SO(M).

In [48], it was conjectured that the tree-level color-ordered amplitude for a set “g” of p
gluons (i.e. g = {g1,...,9p}) and a set “s” of 2m scalars®’ (i.e. s = {s1,..., 82, }) is given
by the CHY integral (note that, p + 2m = n, where n is the total number of particles)

A = [ S A x T ) (9.2)
with

Sgn
IgY;\/IS(lv . 7n) — P’I‘(1 X Z 51(11 Toq L. 5Iam71bm M Pf/\II

yeeesT)
Caby " O
{a,b}€p.m.(s) aiby ambm

g,5:8 »

(9.3)
where the ¥, ... matrix is given by the blocks
beg bes beg
-Aab Aab (_CT)ab acg
\I/&Sig Aap Aap (—CT)ab a€s : (9'4)
Cab Cab Bab acg
It is useful to remind that “p.m.” means perfect matchings, and note, {a1,b1, ..., am, by} =
s. For instance, let us consider the punctures, (o1), as a gluon (g = {1}), and (02, 03) as
scalars (s = {2,3}), then, W, ., is a 4 X 4 matrix given by
512 513 | _
O 12 J13 Cll
521 S23 |__€1-ka
. 021 023 012
\Ilg’S:g B 531 | 332 _€1°k3 ! (9'5)
031 | 032 J13
Cll €1-ka €1-ks 0
012 013

Where, Cll = — (% + %)
As it was found in (3.4), the double-cover version of the integrand, I;éVIS’ is given by

the expression

M1, n) =PI x> senepy et glem b Ty T, PEUS

g,5:8 "7
{a,b}ep.m.(s)

(9.6)
where, Pf’\IJ{g\’S:g = (—1)" Ty ([ngl (y%“} Pf {(\Ilé‘sg)g}) and ‘I’gs;g = Upqp o
Therefore, a partial color-ordered amplitude among g-gluons and s-scalars is obtaineacli from
the integral, AYMS = [ dpul) %ﬁpmm) X IZMS(1,... ).

2"We apologize for the abuse of the notation. However, remember in this work we are calling the Man-

delstam variables as §q, (see appendix A).

,,,,, ap
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Before to start with the examples, we define the partial color-flavor-ordered amplitude,

Agzls\/ls(l, e ) (ay by seeeiam b ) 8
Apar) A (par|
AYMS (1 0) (0 s ) = / dyr = @ar) o " PT] oy X Tarty Lot PE Wy
m
(9.7)
Visibly, Ag}sws(l, cees M) =0 SEN({a ) §lavloy oo §lam Tom, A;{}SVIS(l7 M) (a1 by b) > WHETE

Z = Z{a,b}ép.m.(s) :

9.1 Special Yang-Mills-Scalar examples

The ideas presented up to this point can be easily extrapolated to this special Yang-Mills-

Scalar theory. Here, we show some simple examples to illustrate how the integration rules
YMS
g:s

order to indicate the red arrow, (i, 7).

work over the amplitude, A . Such as in Yang-Mills, we will introduce a superscript in

Let us consider the four-point example, g = {1,2} and s = {3,4}. The color-
ordered amplitude is given by the integral, Ag:ls\/ls(gl,gg,83784)(374) = fduf%{mw
XxPT7 (1934 % T34 PFUL . where we have chosen, (pgrlm) = (123|4). To avoid sin-
gular configurations (see (4.5)), we pick out the red arrow to join the vertices, (i,j) =
(1,3). Therefore, following the graphical construction in section 3.1, the partial amplitude,
Ag:lsvls (91, 92, 53, 54)(3,4), 18 represented by the graph (which we call as YMS-graph)

Aé}s’S)(glvg2as3)84)(3,4) = /dﬂi\g =

where we have applied the rules-I, II. It is very important to note that, the vertices with two

black arrows are gluons, while the vertices with three black arrows are scalars. Additionally,

from the Pf’@és:g definition, the scalar vertex with four arrows (three black and one red)
A

does not appear in the ¥y .,

of \I/QS:g (such as it was said at the end of section 4.1). Applying the rule-III over the

above cuts one has

matrix, i.e. all its associated rows/columns must be removed

1 2 11, 21"

x( 1 )>< DS AP (13,4)7,1,2) Agé’Q]’S)(g[l,z]n83754)(3,4)
S34

(34" b 3

cut—1

(61‘k3)(62'k1)*(61‘]?2)(62%3)*(61'62) S13

)
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AL (g1, 51,87, 50) (2.3,0) ASE Y (s, 92,88) s,y (ea-ka) (e2-ks)

514 514

(9.9)

where we have used the gluing identity (by the rule-IIT), Y. efé“ 4 63112] = ", and the three-
point building-block in (5.2). Finally, it is not hard to show that, A;@S\AS (91, 92, 83, 84) (3,4) =
cut-1 4+ cut-2, up to overall sign.

([é72]93) (

It is straightforward to note that the three-point function, Ag: 9[1,2)r> 535 54)(3,4) =

(6672] cky) = 67[1},‘2] X [(ka)p — (k3)u) (%) — (e[rm] - k) (%), is the Feynman vertex,
Tr (A“ [gbI , 8M¢I ]) (Lagrangian (9.1)), plus an extra term that measures the transversality

of the polarization vector ef’”

12] (like in pure Yang-Mills, expression (5.2)).

9.1.1 Scalar amplitudes, from A to the ¥, ., matrix
In this section we consider the simplest examples, just scalar particles, i.e. \Ilgszg = AN
Let us begin with the four-point computations, Agls\/ls(sl, 52,53, 84)(1,3:2,4) and Agls\/ls(sl, s9,
83,54)(1,2:3.4)- We set the gauge fixing, (pgrlm) = (123|4) and, to avoid singular cuts, we
(174)(
S

choose the red arrow among, (i, j) = (1,4). So, for the amplitude Ag.s (51, 52, 53, 54)(1,3:2,4)

one has

ALY (51,82, 83, 84) (13:2.0) = /dui\ = , (9.10)

4 3

cut—1

where the rules-I, II have been applied. By the rule-IIIb, it is simple to carry out cut-1
o

cut-1

1 2 0 S 1

=1x <~> X (0[1’4]2 023 03[1’4]) xPf|. 92| = X353 =1,
514/ (071,42 023 0311,4)) X (T2[1,4) T[1,413) o2 0 S14

9.11)

where we have taken into account that a scalar vertex with four arrows means one must
remove its row/column of the matrix. This simple result matched with the one given in [48]
(equation (4.5)), in addition, an interesting question arises, what is the physical meaning

— 33 —



of the three-point resulting graphs obtained in (9.11)? (There is no cubic scalar vertex?®
n (9.1).)

Such as we learned in pure Yang-Mills (section 7), the spurious pole contribution
n (9.11) can be seen as a longitudinal gluon contribution. To be more precise, it is
straightforward to check

(12,34 3
A (51 65 55 50) (130.0) = 23, A (s1,9 92,31+ 54) (4, X AL )(9[174@,32,33)(3,2)
g:s 192993 1,3:2,4 ’

S14
(9.12)
_ Moyt : : 1
with the gluing identity, >, € [2 3] [1 4] = o Fua This expression means that the ¢

vertex can be factorized as a product of two Yang-Mills-Scalar three-point amplitudes glue

by a longitudinal off-shell gluon.?” We will give a non-trivial example later.

AYMS(
g:s

Let us consider the next example, |, 31,32,33,34)(1,2:3,4). Its YMS-graph is

given by

AL (51,52, 83,54) (10:3.0) = /dufl\@

where we have used the rules-I, II. While the cut-1 was computed previously in (9.11),

(9.13)

cut-1 =1, the cut-2 is not obvious to carry out. If one applies the rule-Illa, the cut-2
should be factorized as

1 2 11, 21"

= x <1) x . (9.14)

134" 4 3

Now the question is, How to read these resulting graphics?

Notice that these resulting graphs have an identical structure as the second one ob-
tained in (9.9), and so, their meaning is the same. In other words, each graphs in (9.14) have
a off-shell gluon vertex with three arrows (i.e. its row/column must be removed of the ¥, .o
matrix) and two on-shell scalar vertices, one of them with four-arrows (its row /column must

28 As one can note from the previous examples (YM and YMS), the number of arrows cut by a given
configuration (red dashed line) is related with the Feynman vertex. In the above example, (9.10), the
YMS-graph has a configuration that cuts four arrows, therefore, this must be related with the Feynman
vertex, Tr (E [(;5], ¢J]2). Since this cut is the only one contribution, we could assume in advance that
the final answer was 1.

29This is the equivalent to the identity found in (7.2) for pure Yang-Mills.
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be removed of the ¥, ., matrix). Thus, the first graph becomes

1 2

1
= Aé[:?é’4]’1) (93,4175 515 52) (1,2) = (012 O34 03.411)° X PT1.0,3.4) X o1
134"
1 0 -
Pf | - TBAZ | = (ko - €l ). 9.15
XO'[374}1 E[3,4]'162 0 ( 2 6[374]) ( )
J(3,4]2

In a similar way we compute the second resulting graph, therefore the cut-2 turns into,
3,4],1 4,[1,2 3 .
cut-2 = 57 ALY (g 4051, 80) (19 x AR (53,54, 99 ) 3.4y = 22, Finally, the

S34 53
total result for Ag:ls\/ls(sh 52,83, 54)(1,2:3,4) 1S given by

3,4],1 4,[1,2 3
AZMS (51, 89, 53, 84) :ﬁL+§:rAgs] (g1 82)a.2) Ags - (3,50, 9p.20) 3.0 L
s , 82, 83, (1,2:3,4) S34 5127
(9.16)

which is the same aswer found in [48] (up to overall sign).

Roughly speaking, one of the interesting things here is that the ¥, ., matrix can emerge
exponentially after factoring the A matrix, to be more precise, Pf' [A] = >, Pf’ [¥g g.q] X
Pt [¥gsq] in (9.11) (longitudinal contributions), and P’ [A] = Y Pt [Ug o] x P [¥g ]
in (9.14). This implies there are virtual gluons in a process that involves just scalar parti-
cles, which in the context of the special Yang-Mills-Scalar Lagrangian in (9.1) is a natural
30 44,

fact. However, it can also be seen in pure and additionally, a similar phenomenon

appears in the effective field theories framework, which will be deeply studied in [49].

Finally, we consider the six-point amplitude, Aé?s’l)(sl, 52,53, 84, 85, 56) (1,2:3,5:4,6)

where we have chosen, (pgr|m) = (124/6) and (i,5) = (6,1). It is simple to see that the
cut-1 is factorized by a vector field, while the cut-2 by a scalar one, namely,

Do AEJ:?;A’“]’”(9[3,4,5,6y,81, 52)(1,2) X Aé(g(:ss’[172])(3679[1,2]’“7537347557 )(3,5:4,6)

cut-1 = - , (9.18)
53456
4,5,6],1 6,[1,2,3
cut-9 — Ag:s ] )(5375[4,5,6]751a52)(1,2:3,[4,5,6]) X Aé:s[ D(54a55a5678[1,2,3])([1,2,3],5:4,6)
8456 ’
(9.19)

30The partial amplitude in (9.12) represents the ¢* vertex.
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with, > 6[4 5.6] [1 2] = n*”. On the other hand, the resulting graphs obtained from the

cut-3 do not have an obvious physical interpretation,

[, 6]

[2 3,4 5] 1
- X <~> /duCHY" 2 (9.20)
516

6

4 3

cut-3

Nevertheless, a similar example was shown in (12.5) (the ¢* vertex), thus, it is simple to
check that cut-3 can be rewritten as a product of two YMS-graphs glued by a longitudinal

gluon,
4(2,3,4,51,6) A4,[1,6])
oL Agis (56551, 9p2,3.4,52)(6,1) X Agis (52,83, 54, 85, G[1,6]L ) (2,4:3,5)
cut-3 = 2 = )
516
(9.21)
L v kfé 3,4,5] ki) [1,6]
where, >, € [2 3 45 €6 = m This identity can be extended a higer numeber of

points, such as it was done for pure Yang-Mills in section 7.
Finally, it is not hard to carry out each cut contribution

1 (Gos+50 | 5 5 523 — 5 1
<525+324+ > 523), cut-2 = — A g - — 0 (9.22)

8123 S3[1,2) §345

cut-1 = — — — + =
S12 5345 S3[1,2]  S345

These computations confirm that, AYMS(81782,83,84,85,86)(1’2:3,5:476) = cut-1 + cut-2 +
cut-3, which is in agreement with the result presented in [48].

10 Strange-cuts and special Yang-Mills-Scalar amplitudes

From the previous section, we learned that a vertex with four arrows may be interpreted
as a scalar particle. Additionally, we saw as the ¥, ., matrix can emerge after factorizing
the A matrix.

In another way, the resulting graphs obtained from a strange-cut in pure Yang-Mills
have an off-shell vertex with four arrows, thus, in this section we come back to this point in
order to understand its relationship with the scalar particles in a special Yang-Mills-Scalar
theory.

The first observation we would like to do is that there are two types of resulting graphs
obtained from a strange-cut, which are related by (7.1) (property-I of the appendix B).
Therefore, it is enough just to work with one of them, to be more precise

[2..,p] p+1

/du(Anwg) * (10.1)

3 7
It is simple to note that the integration rules can be applied over above graph.

Such as it was remarked in section 7, the associated matrix to the above graph is given
by, (\I/g:&g)igg:::ﬂ, where g = {1,3,p+ 1,p+2,...,n} and s = {[2,...,p]}. So, from this
point of view, the puncture “opy3 " looks like an off-shell scalar particle, nevertheless,

the CHY integrand of this graph does not fit over any theory known. It is important to
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note that the ¥y, matrix has appeared after a factorization process, instead to squeeze
or compactify the theory. For instance, in (6.4) we wrote the matrices, (\I’gisvg)iggiﬂ d
(‘I'g:s,g)ﬁjg}a for g = {1,3}, s = {[2,4]} and g = {2,4}, s = {[1, 3]}, respectively.

In order to go beyond to the longitudinal gluon interpretation given in section 7, we
are going to apply the integration rules over the graph in (10.1). Before carrying out

the general case, we would like give a simple example. Let us consider the four-point

computation,
12.4] 5 241 o
[2 4] 5 O = n® 5
for - NN
i.&.s p ' _ 1
[2 4, 5] [2 4] [2.4] 234"
1 1
A AL EA @ AL
55[2,4] " 851
3 1 [1,3] 5 3 115" 1 5
(10.2)
where we have used the integration rules and, Y, 67{1“ 516?{3’ 4 = n"". Notice that second

resulting graph obtained in the first bracket was already found in the previous section,
after factorizing a scattering among two gluons with two scalar particles, equation (9.9).
Thus, by writing (10.2) in terms of the three-point amplitudes one has

Agﬁi"”’“’?’”(s[g 4], 955 S[1,3)) ((1,3],[2,4]) ([2,4,5],1) L
cut-l — 4 SUMLALRAD oo 245D (9 4, 5] ,1,3)‘ IR
S5[2,4] f[Lz’Z 57 % [2’-4155]
4 [2,4,5] %[1,3]
A(17[2:3’4D 1 2 3 4 T 5
cut-g = Y A (L RIALO) L 4 AN (13 a1k 157, 3) o,y
S51 p
r Lo, Fl2a
(2,4] k[2274]—k[175]

(10.3)

Clearly, on the first line, the puncture “o; 47 behaves as an off-shell scalar particle, which

31 Therefore, from the fac-

interacts with one more off-shell scalar and an on-shell gluon.
torization method developed in this paper, a scattering of pure gluons is able to generate
an off-shell scalar-like particle.3?

The above example is straightforward to generalize to higher number of points. Ap-

plying the integration rules over the graph in (10.1), we obtained two types of resulting

31Computing the cuts in (10.3), it is straightforward to check their results are given by the expressions, cut-
;= (e1-€3) (€5-k[1 3]) and cut-2 — (e1-€3) (e5-k1)+(e5-€1) (e3-k5)+(ez-e5) (€1-k[2 3 4])

35(2,4] 351
pole, S5[2,4]

. Observe the non-conventional

Lk
L kl2,4,5)

o TF245]
[2,4,5] Ki2,4,51°k1,3) 7
conditions for the Berends-Giele currents obtained by using the new NLSM action proposed in [56, 57].

32 Additionally, the replacement, e also appears in [29], in the context of the boundary
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graphs,

(10.4)

where C is the set given by all possible punctures that the dashed red line can encircle,
C={(1,3),(,3,n),(1,3,n,n—1),...,(1,3,n,...,p+2)}. The first resulting graph is the
generalization of cut-2 in (10.3),

AL (1324, ) p 1, )
type-1 = Z

r Sip+1..n
%[y I
x 2 AP P (g plE (1 p+1,. ), 3) : (10.5)
Cond.
where, 3, 6%72,4,...,10} E[Til,jp—&-l,...,n] = n"”, and the conditions, Cond = {eﬁ,pﬂ,...,n] ki pt1,n) =0,
i
Gl ™ #} On the other hand, the cuts type-2 give arisen to off-shell scalar-
""" [2,0.00] V[1,p+1,..0n)

like particles in the context of special Yang-Mills-Scalar theory. For instance, let us consider
a generic element of the set C, (1,3,n,...,1) € C, i > p + 1, then, for this configuration
the cut becomes

1,3,0040],[2,4,...,
AL p])(8[1,3,n,u.,¢], 8[2,4,p]> Ipt1s -+ o 5 Gim1) ([2,4,0np],[1,3110,00011])

cut(1,3m,...0) = =
S[2,4,...,p]p+1,...,i—1

[(2...i=11 i

X /dugH§+4) i (10.6)

Clearly, we have obtained an off-shell Yang-Mills-Scalar amplitude multiplied by a graph
with the same structure as the original one, therefore, we can applied (10.4) again.

One of the important things to remark here is to see as some off-shell scalar particles
(in a special Yang-Mills-Scalar theory) can emerge from the strange cuts. This fact confirms

13

the interpretation of seeing the off-shell puncture, “opp 7, as a scalar-like particle.

11 Soft limit

As a final section, we would show how the soft limit in pure Yang-Mills theory [58], at
leading order, can be computed in a simple way by using the factorization method developed
in this paper.
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Before going to the general case, let us consider the four-point example, A}M(l, 2,3,4).
Such as it was shown in section 6.1, this amplitude can be written in the following way

(3411 (1.2)3)
A2, - 3 [ AT 12 A8 8

= 543
[2 4] [1.3]
(17[273]) r (3’[411]) T
A3 (17 [27 3] 74~) A3 (37 [47 1] 72) + % (}) % 7
541 42
(11.1)
where, > e } f1V2} =3, e[Tz“ 316@17”1] = p#”. This important to recall that the setup used

was, (pqr]m) (123|4), and the red arrow by joining the punctures (7,j) = (1, 3).

Now, we are taking the particle at the puncture “c4” as the soft particle, i.e. kj =
zq), with z — 0. Since that the second resulting graph on the second line in (11.1) is
proportional to S49, the only leading order contribution comes from the first and second
terms (with poles, §43 = z(q4-k3) and 541 = 2(qa - k1), respectively). Notice that when, z —
0, the off-shell momenta of the particles at o3 4 and o4,1] become the on-shell momenta,

kfg g k% and k:[4 1
Ag[l 2 3)([ ,2]",3,4) and Aél’[2’3])(1, [2,3]",4). Using the building block given in (5.2), these

functions turn into (at leading order in z.)

A([172]’3)([1 2]",3,4) = (67["1 2 ~€3) (€4 - kpy, 2]) A:())L[2,3])(1 2,3]",4) = (e1 - b, 3]) (€4 - Ky).

— kY, respectively. Thus, we only worry by the three-point functions,

Flnally, from the glulng 1dent1t1es ZT 6[3 A€ 1 2] =y e [4 1) ="1", one has, > e ( 1o’
e3) =€ and >, (e P 3]) i1 = €1+ Therefore, at leadmg order, the four-point amphtude
is given by

qa k1 qa-k3

where we have used,? ¢ - kp19) = —€4 - k3 and A(3 1)(3, 1,2) = AYM(1,2,3).
This simple analysis can be generalized to a higher number of points, the main key is

AZM(I, 2,3,2q4) = —

1 /es-k1  €4-ksg
z

>A§M(1,2,3) + 02,

that the soft particle must be surrounded by fixed punctures (yellow vertices). In order
to satisfy this requirement, we choose the gauge fixing, (pqr|m) = ((n — 1)12|n), the red
arrow on, (i,7) = (2,n), and the soft particle, k, = z ¢}, with z — 0. Under this setup,
one can apply the integration rules over the amplitude, AYM(1,...,n), to obtain

AM1,. . n) =

AGT (12,04, 107, n-1, 0] x AL 2D (11, 2,07, 0F, -1, )

Z Z i+3 (i+1)

i—0 1 §nn—1 (0
AOn—an=m) (5 @, 4 n—1]" n, 1)x AP (2 0,4 n—1,[n,1]",)
+Z — +strange-cuts ,
- Sn1
(11.2)
33Notice that when, kf;A] — k§ and 6[3 q €4, we may relabel the puncture o[3 4 by 03, in order to

indicate its associated momentum and polarlzation vector. Of course, this is also applied for op4,q;.
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where we have defined, Qg =0, O; = {3,4,...,i+2},i=0,...,n—4, @*5{3,4,5,...,n—
21N\ 0y, i =0,...,n—4, and with the glumg identities, > e[z’“ 7["]1/ = n*”. By the property
n (7.1), the resultmg graphs obtained from a strange-cut always cancel out the pole (spu-
rious pole), therefore, those configurations do not contribute to the soft limit at leading
order. On the other hand, the leading order contribution from the second line in (11.2) is
given when OF is an empty set, i.e. when i = n —4 (0} _, = (). Thus, when z — 0 the
leading order contribution of (11.2) is given by

AC=ED (1 9 0,4, [n—1,n0)7)x ATEO =D 112 0,47 n—1)

an'knfl

AM1, . 2q) = Z

r

3

r

ABOn == (3 @,y n—1]", 0, )x AP (2 0, 4 n—1, [n, 1]7)

0
- +0(z").

(11.3)

Now, performing the same procedure as in the previous four-point example, it is trivial to
see that

1 /e,-k1  €n-kn_1
A§M1,...,zn—<” - " >A§M 1,2,....n—=1)+ 0z, 11.4
( n) = - S 1 ( )+ O(z7) (11.4)

which is the right answer [58].

12 Conclusions

In this work, we have obtained a new graphical method to compute the scattering of n-
gluons and interactions with scalar particles, which was developed under the double-cover
formulation of the CHY-approach. The main idea was to define a graph representation for
an ordered amplitude from the double-cover (and single-cover) prescription. By integrating
the extra parameter, “A”, the double-cover breaks into two single-cover and the integration
rules arose naturally. This process generates smaller YM/YMS-graphs and, as a byproduct,
some strange-graphs. The strange-graphs did not seem to have a simple physical interpre-
tation, however, we were able to conjecture that these are just longitudinal contributions
from YM/YMS amplitudes. To be more precise, under the gauge fixing, (pgr|im) = (123|4),
and by choosing the red arrow from the vertices, (i,j) = (1,3), the integration rules over
the Yang-Mills amplitude, AYM(1,...,n), produce the off-shell general formula

e Whenn=2m +1

A(3a[@nf371]) 3 ©n7 17" A( [ ]) 1.12 3r @n;

AML,2,n) = (—1)xq Y = (3 O, 17,2 AW (L 237, Ons)
- 50,31

S5 A2, 3,00, 00 <AL (07, 1,9)7,3,0)

n=3 L ABOD G 9 13 0,08, 08)x AN (08,1, 2], 3,0))

530

2<—>3}

(12.1)

40 —



e When n =2m

3,[0n-3, . )2, .
AYM(]. 2. n) — Z Ags [ ’ 1])(37 [(O)n*‘dv 1]7 ) 2)><A'Ezlf[f 5])(17 [27 3]7 ) @7%*3)

- 50,31
n-3 (1,3,00) 1 v 4005L23) s 1 ot .
+Z Z(_l)(z#l)XAnfi (1323[35(@1] 7©i )~><Ai+2 ([@i,LZ] 737©Z)
i=1 T $30;
n—3 (1,[3,04]) L * ([®:7172]73> * L
o ALBOD g o 13 0,1 0F)x Al 0r,1,2]-,3,0;
72XZZ(71)(Z+I)X n—i (7 7[7 } z)~>< 42 ([ [ ] ) 7
i=1 L 530 263
(12.2)

where we have defined the sets, Qg =0, O; = {4,5,...,i+3},i=1,...,n—3, 0 _5 =0,
07 ={4,5,...,n\0y, i = 1,...,n — 3, and with the gluing identities, }, e[réf‘()i]e?&,m] =
BE kY

, ef& o] e[g"/?)] =", > e[LQ”féi]e[Ll’g@;] = W' Let us remind ourselves the three
punctures which must be fixed in the smaller off-shell Yang-Mills amplitudes are given
by the set in (6.1), namely, {Fixed punctures} = ({All punctures in the graph} N
{1,2,3,4}) U {off-shell punctures}.

Notice that the poles, 520,, are not physical and these must cancel out. Although we do
not have a formal proof, we have carried out several examples to verify that, in effect, the

amplitudes, Agll_’[f’@)i})(l,?), [2,0;]F,0%) and AEE’Q‘{S’@:H)([L3,@;‘]L,2,@¢), are proportional

to 520, when the off-shell gluons are longitudinal, G[LQ’fé)i] = k[‘;@i] and e[Ll’f;,@ﬂ = kﬁ,&@ﬂ’
respectively. Additionally, we are looking for formal proof (it is enough just to prove the
off-shell Pfaffian properties presented in appendix B).

One of the more amazing things we would like to remark is the computational in-
formation that there is behind of the identities obtained in section 7 (properties-I, II in
appendix). For example, in the identity obtained in (7.1), we related a graph with a matrix
2(p — 2) x 2(p — 2) to another graph with a matrix 2(p —2) — 2 x 2(p — 2) — 2, and the
relationship is given just for an overall factor. Computationally, this is very important,
let us suppose that p = 5, we are simplifying the problem from a matrix 6 x 6 to a new
one 4 x 4.

On the other hand, although the integration rules emerged from the pure Yang-Mills
amplitudes, these can be applied naturally over a large spectrum of graphs, such as special
Yang-Mills-Scalar theory, effective field theories [49], and an others strange graphs. In
addition to this fact, it was very interesting to see as the A and W, matrices can be

factorized in terms of the off-shell ¥, .o matrix.3*

Feynman diagrams and BCJ numerators. A direct relation between the CHY and
Feynman diagrams is unknown. However, since that the method developed in this paper
is a factorization-like approach, perhaps, this is the closest bridge among CHY amplitudes
and Feynman rules. Let us observe how to obtain the four-point Feynman diagrams since
our method.

34Let us remind that in [48], the Wy o, matrix arose after compactifying.
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From the general formula in (12.2), one has
AM(1,2,3,4) =

Ag[172}73)([17 2]T7 37 4) Aé[3’4]’1) ([37 4]7"7 17 2) +Al(’)17[273]) (17 [27 S]T, 4) A:(i37[471}) (37 [47 1]r7 2)

- §12 514
A 411,317, 2)x AP (2, 47,1, 3)
B3 ~ -
513
(12.3)
As it was shown in (5.2), to obtain the three-point Feynman vertex, the polarization
vectors on the first line, “67[;.]”, must be transverse, thus, we use the identity, >, 6?1N2] ’["3” n=
Tu L Ly Ly Tyu Ty Ky okl Ly Ly _
2 €2 ) 2 By VIO 2r g = 1 T Fyy b 2 e =
k:
m (in a similar way for €}, 5 and €], ;)). Therefore, (12.3) becomes
AM(1,2,3,4) =
AG([ 21" 3 APV ([3. 417, 1,2) AP (2,37 9473, 4,1]7,2)
- S12 S14
L [ AT 081 2 AP (2, 415 1,8) | AFI (1,213, 4) A (3,405, 1,2)
7 513 512
AT [2.3), )< A3, 4,107 2)

514
(12.4)

It is trivial to check that the two terms on the second line are just the Feynman diagrams,
Z>—<3 and ZI: respectively, and the last three terms give us the color-ordered quartic vertex
1 4 1 4

X 152,

To obtain the BCJ numerators, it is necessary to reorganize (12.4) in the following way

AM(1,2,3,4) = Doz Do g
S12 S14
g, = > AP (1,27, 3, 4)x AP (3,47, 1,2) +
T

512 X

A, 1,31 2) APV, 417, 1.3) ASED (2318 4) AP (3, 4,1, 2)}
513 514

g, = > AP (112,37, 4y AP (3, 10,17, 2) +
T

socS™ [AS 1,31, 2) APV, 47, 1,3) AT (23,0480 T (3,40, 1,2)
. §13 512

(12.5)

From the above ns,; definitions, it is trivial to check the identity, ng,, —ns,, = ns,,, where
n,,, is obtained from ng,, under the permutation, (1,2,3,4) — (1,3,2,4), i.e. n,, =

n .
121(1,2,3,4)-(1,3,2,4)
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O massless puncture fixed by PSL(2,C) O massless puncture fixed by scale symmetry
. massive puncture fixed by PSL(2,C) . unfixed massless puncture

delimiter for a given cut

Figure 3. Vertex Color code in the CHY-graphs.

Nevertheless, the generalization of these ideas (using this approach) to higher number
of points is unknown and it would be very interesting to be studied.

Effective field theories and final remarks. In [49], we applied the ideas presented
in this paper to effective field theories, such as NLSM, multi-trace and special Galileon
theory. Additionally, we are going to present a new NLSM prescription in order to obtain
a relationship among the CHY approach and the gauge theory version for NLSM. found
in [56, 57].

Although, the soft limit, at leading order, was trivially obtained using the technology
developed in this paper, we would like to look for the sub-leading order contributions, and
the extension to others theories.

As a final point, we would like to understand the connection among our graphic
method, the ambitwistor string [5] and the gluing operator in [25].
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A Notation

For convenience, in this paper we use the following notation

m m
— § — 1.2 = — §
kal,...,am - kai = [ala R am], Say...am = klll,m,llm’ Say...am = kai : ka]" (Al)
=1

a;<aj

Clearly, when k:l2 =0, then, S4,..4,, = 254,...a,

To have a graphical description for the CHY integrands, it is useful to represent each
puncture, o, (or (yq,0,) in double-cover prescription), by a vertex, the factor cr%b or Ty
by an arrow and the numerator o, or Ta_b1 by a dashed arrow that we call as anti-line.
Additionally, in figure 3 we give the color code for a mnemonic understanding.
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B Off-shell Pfaffian properties

In this appendix we are going to give some properties of the Pfaffian when there is an
off-shell particle. These properties involve the matrices, ¥,, and Wy ..

This is very important to remark that those properties are supported on the solution
of the scattering equations, and, although we do not have a formal proof, they have been
checked up to eight points.

First of all, we remind the notation, (‘I’n)zll?; and (\Ilgsg);llz’;’) , which means that the
rows, (i1,...,4p), and the columns, (j1,...,jp), must be removed from, ¥,, and Wy .

Let us consider the total number of particles is n, i.e. k1 + -+ - + k, = 0. Additionally,
since we are interested to show some off-shell properties, we choose a configuration where

the off-shell particle has momentum, kj; ;) = k1+---+kp, and its puncture is fixed,? i.e.

"7p]
o[1,2,..p) = ¢1 € C. In order to complete the setup, we fix the punctures, (Opt1, Opt2) =
(c2,c3) € C?, where ¢ # cy # c3. Therefore, we are going to work on the support of the

“n— (p+2)” scattering equations

" k‘a -k ka k
s, = Z b [0 _ 0, witha=p+3,...,n. (B.1)
bepr1 Jab Talt,....p]
a#b

Properties. Under the previous setup, we have the following properties

I

k2 1
[17""p] —_ [17"'7p} p+1p+2 [17""p]
Pt (‘I’g,S:g)[L._.,p]} Ty X Tprips2 Pt [(q’g,&g)p“pm [1,...,;;]} ) (B.2)

where the gluon and scalar sets are given by particles, g = {p +1,...,n} and s =

{[1,...,p]}. Notice that if all particles are on-shell, k? = 0, the right hand side
2

vanishes trivially by the overall factor, k[l ol

II.

)] _ 1 [ p+1[17...,p1}
xPt (‘I’g,s:g)u,...,p]] = 0p+1p+2XPf (Wnpt1)pr1 pl ) E—

Op+2[1,...,p]

with the gluons and scalars given by the sets, g = {p+1,...,n} and s = {[1,...,p]},

on the left-hand side. On the right hand side, the polarization vector, eﬁ“ It is longi-

tudinal. Clearly, if all particle are on-shell the Pfaffian on the right-hand side vanishes

trivially, since the replacement, e . — k" becomes a gauge transformation.

(L,....p] (L,.p]
This fact agrees with the property-1.

III.

1 1[1,....p] (1) +2[1,....p]
Op+1[1,...,p] ( p+1)p+1[1""’p}] Op+2[1,...,p] [( p+1)p+2 [1""’pﬂ

(-1 +1pt2
= — x Pf [ v, _ pr.p } , (B4
Up+1p+2 ( n P+1 )p+1 p+2 ( )

35Usually we fix the puncture, on,2,...p = 0.
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where the polarization vector of the off-shell puncture, which we denote by ea“ o

must be transverse, i.e. ea - kp1,..p = 0. This property just involves the fixed

7"'7p
punctures, (0p41, Opt2, 01, p]), of course, when all particles are on-shell this prop-

erty works for any couple of punctures.

Tp+2[L,...p) pH1[L,...p]
—= Pf [(¥,—
Opt1fL,....p] [( erl)19+1 [1,...,;;]]

_ +2[L,...,p]
= Pt [(‘I’n—zﬂrl);-z [1,..;]}

It is important to remark that the overall signs in (B.4) and (B.5) are different.
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